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Pseudo-differential operators, Wigner transform 
and Weyl systems on type I locally compact groups 

M. Mantoiu and M. Ruzhansky * 

Abstract 

Let G be a unimodular type I second countable locally compact group and G its unitary 
dual. We introduce and study a global pseudo-differential calculus for operator-valued sym¬ 
bols defined on G x G, and its relations to suitably defined Wigner transforms and Weyl 
systems. We also unveil its connections with crossed products C*-algebras associated to 
certain C*-dynamical systems, and apply it to the spectral analysis of covariant families of 
operators. Applications are given to nilpotent Lie groups, in which case we relate quantiza¬ 
tions with operator-valued and scalar-valued symbols. 
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1 Introduction 

Let G be a locally compact group with unitary dual G , composed of classes of unitary equivalence 
of strongly continuous irreducible representations. To have a manageable Fourier transformation, 
it will be assumed second countable, unimodular and postliminal (type I). The formula 

[Op(a)u](x) = (1.1) 

is our starting point for a global pseudo-differential calculus on G ; it involves operator-valued 
symbols defined on G x G . In (11.11) dm is the Haar measure of the group G, dm is the Plancherel 
measure on the space G and for the pair (x, formed of an element x of the group and a unitary 
irreducible representation ^ : G —> ]B(775), the symbol a{x,^) is essentially assumed to be a 
trace-class operator in the representation Hilbert space . In further extensions of the theory it 
is important to also include densely defined symbols to cover, for example, differential operators 
on Lie groups (in which case one can make sense of (11.11) for such a{x, by letting it act on the 
dense in T-L^ subspace of smooth vectors of the representation ^, see HU). 

Particular cases of (11.11) have been previously initiated in |[35l lT7l and then intensively de¬ 
veloped further in l|8] |9l [HI |3ll [39l for compact Lie groups, and in liTTl [18] [191 for large 
classes of nilpotent Lie groups (graded Lie groups), as far-reaching versions of the usual Kohn- 
Nirenberg quantization on G = M”, cf. |[H1 . The idea to use the irreducible representation 
theory of a type I group in defining pseudo-differenfial operators seems to originate in HOl Sect. 
1.2], but it has not been developed before in such a generality. All the articles cited above al¬ 
ready contain historical discussions and references to the literature treating pseudo-differential 
operators (quantization) in group-like situations, so we are not going to try to put this subject in 
a larger perspective. 

Let us just say that an approach involving pseudo-differential operators with representation- 
theoretical operator-valued symbols has the important privilege of being global. On most of 
the smooth manifolds there is no notion of full scalar-valued symbol for a pseudo-differential 
operator defined using local coordinates. This is unfortunately true even in the rather simple case 
of a compact Lie group, for which the local theory, only leading to a principal symbol, has been 
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shown to be equivalent to the global operator-valued one (cf. 051 [38l ). On the other hand, in 
the present article we are not going to rely on compactness, on the nice properties implied by 
nilpotency, not even on the smooth structure of a Lie group. In the category of type I second 
countable locally contact groups one has a good integration theory on G and a manageable 
integration theory on G , allowing a general form of the Plancherel theorem, and this is enough 
to develop the basic features of a quantization. Unimodularity has been assumed, for simplicity, 
but by using tools from ifTOl it might be possible to develop the theory without it. 

More structured cases (still more general than those studied before) will hopefully be anal¬ 
ysed in the close future, having the present paper as a framework and a starting point. In par¬ 
ticular, classes of symbols of Hdrmander type would need more than a smooth structure on G . 
The smooth theory, still to be developed, seems technically difficult if the class of Lie groups is 
kept very general. Of course, only in this setting one could hope to cover differential operators 
and certain types of connected applications. On the other hand, the setting of our article allows 
studying multiplication and invariant operators as very particular cases, cf. Subsection 17.31 

The formula (11.11) is a generalisation of the Kohn-Nirenberg quantization rule for the partic¬ 
ular case G = M”. But for M" there are also the so-called r-quantizations 

[Op^(a)u](x) = / ([ a{{l-T)x + Ty,r])e"^^~y^'^dr])u{y)dy, 

related to ordering issues, with r G [0,1], and the Kohn-Nirenberg quantization is its special 
case for r = 0. It is possible to provide extensions of the pseudo-differential calculus on type I 
groups corresponding to any measurable function r : G —G . The general formula turns out to 
be 


[Op^(a)u](x) = Tr^ ^x)a{xT{y ^x) dm{i)^u{y)dm{y), (1.2) 


from which (11.11) can be recovered putting t{x) = e (the identity) for every a; G G . This formula 
and its integral version will be summarised in (13.211) . The case t{x) = x is also related to a 
standard choice 


Op'^^ {a)u (x) = ^x)a{y,()]dm{^)"ju{y) dm{y), (1.3) 


familiar at least in the case G = M” (derivatives to the left, positions to the right). In the presence 
of r some formulae are rather involved, but the reader can take the basic case r(-) = e as the 
main example. Anyhow, for the function spaces we consider in this paper, the formalisms corre¬ 
sponding to different mappings r are actually isomorphic. Having in mind the Weyl quantization 
for G = M” we deal in Section |4] with the problem of a symmetric quantization, for which one 
has Op^(a)* = Op’^(a*), where a* is an operator version of complex conjugation. We also note 
that if the symbol a{x,^) = a(^) is independent of x, the operator Op^(a) is left-invariant and 
independent of r, and can be rewritten in the form of the Fourier multiplier 


^[Op'^{a)u]{C) = a{C)^[u]{(), ^gG, (1.4) 
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at least for sufficiently well-behaved functions u, i.e. as an operator of “multiplication” of the 
operator-valued Fourier coefficients from the left. 

One of our purposes is to sketch two justifications of formula (11.21 ). which both hold without a 
Lie structure on G (we refer to |l3l|28l to similar strategies in quite different situations). They also 
enrich the formalism and have certain applications, some of them included here, others subject 
of subsequent developments. Let us say some words about the two approaches. 

1. A locally compact group G being given, we have a canonical action by (left) translations 
on various (7*-algebras of functions on G . There are crossed product constructions associated to 
such situations, presented in Section lTTn One gets ^-algebras of scalar-valued functions on G x G 
involving a product which is a convolution in one variable and a pointwise multiplication in the 
other variable, suitably twisted by the action by translations. A C^-norm with an operator flavour 
is also available, wifh respecf fo which one fakes a completion. Since we have fo accommodafe 
fhe parameter r, we were forced fo oufline an extended version of crossed producfs. 

Among fhe represenfafions of fhese C'*-algebras fhere is a disfinguished one presenfed and 
used in Subsection 17.21 fhe Schrodinger represenfafion, in fhe Hilberf space L^(G). If G is 
fype I, second counfable and unimodular, fhere is a nicely-behaved Fourier fransform sending 
functions on G info operafor-valued sections defined over G . This can be augmenfed fo a partial 
Fourier fransform sending funcfions on G x G info secfions over G x G. Sfarfing from fhe 
crossed producfs, fhis partial Fourier fransform serves fo define, by fransporf of strucfure, *- 
algebras of symbols wifh a mulfiplicafion generalising fhe Weyl-Moyal calculus as well as Hilbert 
space represenfafions of fhe form (11.21) . They are shown fo be generafed by producfs of suifable 
mulfiplicafion and convolufion operators. 

The C*-background can be used, in a slighfly more general confexf, fo generafe covarianf 
families of pseudo-differential operators, cf. Subsection 17.41 It also leads to results about the 
spectrum of certain bounded or unbounded pseudo-differential operators, as it is presented in 
Subsection 17.41 and will be continued in a subsequent paper. 

2. A second approach relies on Weyl systems. If G = one can write 

Op(a) = / a{^,x)W{^,x) dxd^ , 

7R2n 

where the Weyl system (phase-space shifts) 

{W{C,x) :=H(0t/(x)|(x,e)GM2-} 

is a family of unitary operators in L^(M”) obtained by putting together translations and modu¬ 
lations. This is inspired by the Fourier inversion formula, but notice that W is only a projective 
representation; this is a precise way to codify the canonical commutation relations between posi¬ 
tions Q (generating V) and momenta P (generating U) and Op can be seen as a non-commutative 
functional calculus a i—)• a{Q,P) = Op(a). Besides its phase-space quantum mechanical in¬ 
terest, this point of view also opens the way to some new topics or tools such as the Bargmann 
transform, coherent states, the anti-Wick quantization, coorbit spaces, etc. 

In Section [3] we show that such a “Weyl system approach” and its consequences are also 
available in the context of second countable, unimodular type I groups; in particular it leads to 
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(O- The Weyl system in this general case, adapted in Definitions 13.11 and 13.31 to the existence 
of the quantization parameter r, has nice technical properties (including a fibered form of square 
integrability) that are proven in Subsection 13.11 This has useful consequences at the level of the 
quantization process, as shown in Subsection 13.21 In particular, it is shown that Op’^ is a unitary 
map from a suitable class of square integrable sections over G x G to the Hilbert space of all 
Hilbert-Schmidt operators on L^(G). The intrinsic *-algebraic structure on the level of symbols 
is briefly treated in Subsection 13.31 In Subsection 13.41 we rely on complex interpolation and 
non-commutative L^-spaces to put into evidence certain families of Schatten-class operators. 

Without assuming that G is a Lie group we do not have the usual space of smooth compactly 
supported functions readily available as the standard space of test functions. So, in Section[5J we 
will be using its generalisation to the setting of locally compact groups by Bruhat @, and these 
Bruhat spaces D(G) and T>'(G) will replace the usual spaces of test functions and distributions 
in our setting. An important fact is that they are nuclear. Taking suitable tensor products one 
also gets a space ^(G x G) of regularising symbols and (by duality) a space &{G x G) of 
“distributions”, allowing to define unbounded pseudo-differential operators. 

In Subsection 15.31 we show that pseudo-differential operators with regularising operator¬ 
valued symbols can be used to describe compactness of families of vectors or operators in L?‘{G). 

Besides the usual ordering issue (derivatives to the left or to the right), already appearing 
for and connected to the Heisenberg commutation relations and the symplectic structure of 
phase space, for general groups there is a second ordering problem coming from the intrinsic non¬ 
commutativity of G. The Weyl system used in Section [3]relies on translations to the right, aiming 
at a good correspondence with the previously studied compact and nilpotent cases. Another 
Weyl system, involving left translations, is introduced in Section 0 and used in defining a left 
quantization. It turns out that this one is directly linked to crossed product C*-algebras. 

We dedicated the last section to a brief overview of quantization on (connected, simply con¬ 
nected) nilpotent Lie groups. Certain subclasses have been thoroughly examined in references 
cited above, so we are going to concentrate on some new features. Besides the extra generality 
of the present setting (non-graded nilpotent groups, r-quantizations, C'*-algebras), we are also 
interested in the presence of a second formalism, involving scalar-valued symbols. We show 
that it is equivalent to the one involving operator-valued symbols, emerging as a particular case 
of the previous sections. This is a rather direct consequence of the excellent behaviour of the 
exponential function in the nilpotent case. On one hand, the analysis in this paper here outlines 
a r-extension of the scalar-valued calculus on nilpotent Lie groups initiated by Melin OOl . see 
also |[2^l24l for further developments on homogeneous and general nilpotent Lie groups. On the 
other hand, it relates this to the operator-valued calculus developed in ifTTlfTSl . 

After some basic constructions involving various types of Fourier transformations are out¬ 
lined, the detailed development of the pseudo-differential operators with scalar-valued symbol 
follows along the lines already indicated. So, to save space and avoid repetitions, we will be 
rather formal and sketchy and leave many details to the reader. Actually the Lie structure of a 
nilpotent group permits a deeper investigation that was treated in ifT^ and should be still subject 
of future research. 

Thus, to summarise, the main results of this paper are as follows: 
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• We develop a rigorous framework for the analysis of pseudo-differential operators on lo¬ 
cally compact groups of type I, which we assume also unimodular for technical simplicity. 

• We introduce notions of Wigner and Fourier-Wigner transforms, and of Weyl systems, 
adapted to this general setting. These notions are used to define and analyse r-quantizations 
(or quantization by Weyl systems) of operators modelled on families of quantizations on 
M” that include the Kohn-Nirenberg and Weyl quantizations. 

• We develop the C'*-algebraic formalism to put r-quantizations in a more general perspec¬ 
tive, also allowing analysis of operators with ‘coefficients’ taking values in different C*- 
algebras. The link with a left form of r-quantization is given via a special covariant rep¬ 
resentation, the Schrddinger representation. This is further applied to investigate spectral 
properties of covariant families of operators. 

• Although the initial analysis is set for operators bounded on Lp‘{G), this can be extended 
further to include densely defined operafors and, more generally, operafors from T>{G) fo 
V'{G). Since G does nol have fo be a Lie group (i.e. fhere may be no compatible smoofh 
differential sfrucfure on G) we show how fhis can be done using fhe so-called Bruhaf space 
T>(G), an analogue of fhe space of smoofh compacfly supporfed functions in fhe seffing of 
general locally compacf groups. 

• The resulfs are applied fo a deeper analysis of r-quanlizafions on nilpofenf Lie groups. 
On one hand, fhis exfends fhe selling of graded Lie groups developed in deplh in ifTTl [HI 
fo more general nilpofenf Lie groups, also infroducing a possibilify for Weyl-lype quan¬ 
tizations fhere. On fhe ofher hand, if exfends fhe invarianf Melin calculus ll^ 1^ on 
homogeneous groups fo general non-invarianl operafors wilh fhe corresponding r-versions 
of scalar-symbols on fhe dual of fhe Lie algebra; 

• We give a crilerion for fhe existence of Weyl-lype quanfizalions in our framework, namely, 
fo quantizations in which real-valued symbols correspond fo self-adjoinl operators. We 
show fhe existence of such quanfizalions in several sellings, mosf interestingly in fhe sef¬ 
fing of general groups of exponential fype. 

In fhis paper we are moslly inleresled in symbolic underslanding of pseudo-differenlial op¬ 
erafors. Approaches Ihr'ough kernels exisl as well, see e.g. Meladze and Shubin ll^ and further 
works by Ihese aufhors on operafors on unimodular Lie groups, or Chrisf, Geller, Glowacki and 
Polin @ on homogeneous groups - buf see also an alternative (and earlier) symbolic approach 
fo lhal on fhe Heisenberg group by Taylor HOl . 

Acknowledgements: MM was supported by Nucleo Milenio de Frsica Malemalica RC120002 
and fhe Fondecyl Projecl 1120300. MR was supported by fhe EPSRC Granl EP/K039407/1 and 
by fhe Eeverhulme Research Granl RPG-2014-02. The aufhors were also parfly supported by 
EPSRC Malhemalics Plafform granl EP/I019111/1. 
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2 Framework 


In this section we set up a general framework of this paper, also recalling very briefly necessary 
elements of the theory of type I groups and their Fourier analysis. 

2.1 General 

For a given (complex, separable) Hilbert space Ti ., the scalar product (•, •)'h will be linear in the 
first variable and anti-linear in the second. One denotes by B('H) the (7*-algebra of all linear 
bounded operators in T-i and by K(Ti) the closed bi-sided *-ideal of all the compact operators. 
The Hilbert-Schmidt operators form a two-sided *-ideal (dense in K{'H)) which is also a 

Hilbert space with the scalar product {A, := Tr(^i?*). This Hilbert space is unitarily 

equivalent to the Hilbert tensor product T-L^T-L, where T-L is the Hilbert space opposite to % . The 
unitary operators form a group . The commutant of a subset J\f of ]B(7f) is denoted by J\f'. 

Let G be a locally compact group with unit e and fixed left Haar measure m. Our group 
will soon be supposed unimodular, so m will also be a right Haar measure. By Cc(G) we denote 
the space of all complex continuous compactly supported functions on G . For p € [1, oo], the 
Lebesgue spaces U’{G) = L^’(G; m) will always refer to the Haar measure. We denote by C'*(G) 
the full (universal) C*-algebra of G and by C'*gjj(G) C B[L^(G)] the reduced C*-algebra of G . 
Recall that any representation vr of G generates canonically a non-degenerate represention H of 
the C'*-algebra C*(G). The notation ^(G) is reserved for Eymard’s Fourier algebra of the group 
G. 

The canonical objects in representation theory |[T3ll2^ will be denoted by Rep(G), Irrep(G) 
and G. An element of Rep(G) is a Hilbert space representation vr : G —)■ U('R 7 r) C B('R 7 r) > 
always supposed to be strongly continuous. If it is irreducible, it belongs to Irrep(G) by defini¬ 
tion. Unitary equivalence of representations will be denoted by =. We set G := Irrep(G)/^ 
and call it the unitary dual o/G . If G is Abelian, the unitary dual G is the Pontryagin dual group; 
if not, G has no group structure. A primary (factor) representation vr satisfies, by definition, 
7r(G)'n7r(G)" = CidH.. 

Definition 2.1. The locally compact group G will be called admissible if it is second countable, 
type I and unimodular. 

Admissibility will be a standing assumption and it is needed for most of the main construc¬ 
tions and results. There are hopes to extend at least parts of this paper to non-unimodular groups, 
by using techniques of ifTOl . 

Remark 2.2. We assume that the reader is familiar with the concept of type I group. Let us 
only say that for such a group every primary representation is a direct sum of copies of some 
irreducible representation; for the full theory we refer to |[T^l22ll^ . In ll2^ Th. 7.6] (see also 
mi many equivalent characterisations are given for a second countable locally compact group 
to be type 1. In particular, in such a case, the notion is equivalent to postliminarity (GCR). Thus 
G is type I if and only if for every irreducible representation vr one has ]K('H 7 r) C n[C'*(G)] . 
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The single way we are going to use the fact that G is type I is thi'ough one main consequence 
of this property, to be outlined below: the existence of a measure on the unitary dual G for which 
a Plancherel Theorem holds. 

Example 2.3. Compact and Abelian groups are type I. So are the Euclidean and the Poincare 
groups. Among the connected groups, real algebraic, exponential (in particular nilpotent) and 
semi-simple Lie groups are type I. Not all the solvable groups are type I; see fT2\ Th. 7.10] for 
a criterion. A discrete group is type I iHTTl if and only if it is the finite extension of an Abelian 
normal subgroup. So the non-trivial free groups or the discrete Heisenberg group are not type I. 

Remark 2.4. We recall that, being second countable, G will be separable, cr-compact and com¬ 
pletely metrizable; in particular, as a Borel space it will be standard. The Haar measure m is 
(T-finite and LP{G) is a separ'able Banach space if p G [1, oo). In addition, all the cyclic repre¬ 
sentations have separable Hilbert spaces; this applies, in particular, to irreducible representations. 
A second countable discrete group is at most countable. 

We mention briefly some harmonic analysis concepts; full treatement is given in |[T3l l22l . 
The precise definitions and properties will either be outlined further on, when needed, or they 
will not be explicitly necessary. 

Both Irrep(G) and the unitary dual G := Irrep(G)/^ are endowed with (standard) Borel 
structures El 18.5]. The structure on G is the quotient of that on Irrep(G) and is called the 
Mackey Borel structure. There is a measure on G, called the Plancherel measure associated to 
m and denoted by tfi El 18.8]. Its basic properties, connected to the Fourier transform, will be 
briefly discussed below. 

The unitary dual G is also a separable locally quasi-compact Baire topological space having a 
dense open locally compact subset El 18.1]. Very often this topological space is not Hausdorff 
(this is the difference between ’’locally quasi-compact” and ’’locally compact”). 

Remark 2.5. We are going to use a systematic abuse of notation that we now explain. There 
is a m-measurable field { | ^ G G | of Hilbert spaces and a measurable section G 9 ^ 

TT^ G Irrep(G) such that each : G ^ is a irreducible representation belonging to the 

class ^. In various formulae, instead of vr^ we will write ^, making a convenient identification 
between irreducible representations and classes of irreducible representations. The measurable 
field of irreducible representations | (vr^, 77^) | ^ G G } is fixed and other choices would lead to 
equivalent constructions and statements. 

One introduces the direct integral Hilbert space 

PS‘^{G)-.= / (2.1) 

JQ Jg 

with the obvious scalar product 


( 2 . 2 ) 


where Tr^ refers to the trace in M{T-L^). More generally, for p € [1, oo) one defines ^p{G) 
as the family of measurable fields cj) = for which belongs fo fhe Schaffen-von 

Neumann class for almosf every ^ and 

ll‘^ll^p(G)-= ll‘^(0llBP(«5)r^fh(0) ^^<oo. (2.3) 

Thej^ are Banach spaces. We also recall fhaf fhe von Neumann algebra of decomposable (^erafors 
=^(G) := lim(C) acfs fo fhe leff and fo fhe righf in fhe Hilberf space ,^^(G) in an 

obvious way. 

On r := G X G, which mighf not be a locally compacf space or a group, we consider fhe 
producf measure m (g) fh . If is independenf of our choice for m (if m is replaced by Am for some 
sfricfly positive number A, fhe corresponding Plancherel measure will be A“^m). Very offen 
we are going fo need F := G x G (fhis nofafion should not suggesf a duality) wifh fhe measure 
ffi (g) m . We could identify if wifh T (by means of fhe map (C, x) (x, ^)) buf in mosf cases if 
is heller nol fo do fhis idenlificalion. 

Associafed fo Ihese fwo measure spaces, we also need fhe Hilbert spaces 

^^{T) = ^^{GxG) -.= (2.4) 

and 

^2(f) = m‘^(Gx G) := m^(G) (g L^G ), (2.5) 

also having direcf infegral decomposifions. 

2.2 The Fourier transform 

The Fourier fransform ifT^ 18.2] of rt G L^{G) is given in weak sense by 

=u{^) := j ti(x)^(x)*(im(x) € B('H^). (2.6) 

Here and subsequenfly fhe inlerprefafion of ^ G G as a frue irreducible represenfalion is along 
fhe lines of Remark 1231 Acfually, by fhe compressed form (12.61 ) we mean lhal for G 

one has 

Some useful facls |[T3l 18.2 and 3.3]: 

• The Fourier fransform ^ : L^(G) —>■ 3S{G) is linear, conlracfive and injective. 

• For every e > 0 Ihere exisls a quasi-compacf subsef C G such lhal || ||b('H 5 ) 

< e if^ ^ K,. 

• The map G 9 ^ i-^|| ||B('Hty^ ^ lower semi-conlinuous. If is even continuous, 

whenever G is Hausdorff. 
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Recall Ill3[l21[|20l that the Fourier transform ^ extends (starting from L^{G) n L^{G)) to a 
unitary isomorphism ^ : L^(G) ^ FS‘^(G). This is the generalisation of PlanchereTs Theorem 
to (maybe non-commutative) admissible groups and it will play a central role in our work. 

Remark 2.6. It is also known Il25ll20l that ^ restricts to a bijection 

.^( 0 ) : L^(G) n A{G) ^^(G) n ^\G) (2.7) 

with inverse given by (the traces refer to 77^) 

(^(0)V) (aj) = ■ (2.8) 

Rephrasing this, the restriction of the inverse to the subspace t^‘^{G) D Sd^{G) has the 
explicit form (12.81) . and this will be a useful fact. Note the consequence, valid for u G T^(G) D 
A(G) and for m-almost every a; G G : 

u{x) = fTv^[{^u){^)C{x)]dm{^)= / Tr^[^(x)u(0](im(0 • (2.9) 

Jg Jg 

In particular, this holds for u G Cc(G). The extension -^(i) of •^{p) to ^(G) makes sense as an 
isometry : ^(G) ^ ^^{G). 

Combining the quantization formula (11.11) with the Fourier transform (12.61) . we can write (11.11) 
also as 

[Op(a)u](x) = j^Tr^[i{x)a{x,C)u{i)]dm{i), (2.10) 

which can be viewed as an extension of the Fourier inversion formula (12.91) . 

Remark 2.7. By a formula analoguous to (12.61) . the Fourier transform is even defined (and injec¬ 
tive) on bounded complex Radon measures // on G . One gets easily 

sup II ||B(a^^) < II p ||mi(g) := IfI(G) . 

«6G 

Remark 2.8. There are many (full or partial) Fourier transformations that can play important 
roles, as 

^®id : L2(G X G) ^^2(f), : L'^iGxG) ^ dd^{T). (2.11) 

: ^^(f) ^ ( 2 . 12 ) 

They might admit various extensions or restrictions. 

3 Quantization by a Weyl system 

In this section we introduce a notion of a Weyl system in our setting and outline its relation to 
Wigner and Fourier-Wigner transforms. This is then used to define pseudo-differential operators 
through T-quantization for an arbitrary measurable function r : G ^ G . The introduced formal¬ 
ism is then applied to study (involutive) algebra properties of symbols and operators as well as 
Schatten class properties in the setting of non-commutative L^-spaces. One of the goals here is 
to give rigorous understanding to the r-quantization formula (11.21) . 
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3.1 Weyl systems and their associated transformations 

Let us fix a measurable function r : G ^ G. We will often use the notation tx = t{x) to avoid 
writing too many brackets. 

Definition 3.1. For x G G and vr G Rep(G) one defines a unitary operator WfiTr,x) in the 
Hilbert space L^(G; = L^(G) (g) 'Htt hy 

[Wfi7r,x)Q]{y) := 7r[y(Tx)“^]* [0(yx"^)] = Tr[T{x)]Tr{y)*[Q{yx~^)]. (3.1) 

If TT = p, i.e. if p{x)U = Utt{x) for some unitary operator U : Fi-w —?> Ftp and for every 
X G G, then it follows easily that 

VL’'(/9, x) = (id (g U)W'^{'K, x)(id g) U)~^. 

We record for further use the formula 

(tt, x) = [id g) 7r(r'x)] [id g 7r(rx)*] W'^{'k, x) 

= [id g 7r((T'x)(Tx)“^) ] kL^(7r, x) 

making the connection between operators defined by different parametres r, t' as well as the 
explicit form of the adjoint 

[W'"{7r,x)*e]{y) = 7r[yx(rx)"^] [0(yx)] . 

One also notes that PL^(i, x) = R[x~^) , where R is the right regular representation of G and i 
is the 1-dimensional trivial representation. In this case = C, so L^(G; R^.) reduces to L^(G). 

Remark 3.2. One can not compose the operators x) and W'^{p, y) in general, since they 

act in different Hilbert spaces. Note, however, that the family Rep(G)/^ of all the unitary 
equivalence classes of representations form an Abelian monoid with the tensor composition 

(vr g p){x) := 7r(x) g p{x ), x G G , 

and the unit i (after a suitable reinterpretation in terms of equivalence classes). The subset 
G = Irrep(G)/^ is not a submonoid in general, but the generated submonoid, involving finite 
tensor products of irreducible representations, could be interesting. It is instructive to compute 
the operator in L^(G; R^^ g Rp) 

[lR(7r,x) g idp] [lR(p,y) g id^] = [idi 2 (G) g/9(x) g id^] lR(7r g p, yx); (3.3) 

to get this result one has to identify R-n®Rp with Rp®R-n . If G is Abelian, the unitary dual G is 
the Pontryagin dual group, the irreducible representations are 1-dimensional and for ^ = vr G G 
and rj = p £ G the identity (13.31) reads 

W(^, x)W (p, y) = r]{x)W{Cp, xy). 

Thus VP : G X G —>• ]B[L^(G)] is a unitary projective representation with 2-cocycle (multiplier) 
zrv : (G X G) X (G X G) ^ T, x), (p, y)) := p(x). 

Similar computations can be done for with general r. 
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From now one we mostly concentrate on the family of operators x) where x € G and 

^ is an irreducible representation. Extrapolating from the case G = M”, we call this family a 
Weyl system. 

Below, for an operator T in E^(G; 'H^) = L?‘{G) ® T-L^ and a pair of vectors u, u G L‘^{G), 
the action of {Tu, v)^ 2 (^q') G G is given by 




[T{u 0 ip^)]{y)v{y) dm{y) G . 


Definition 3.3. For (x, G G X G and u,v £ L‘^{G) one sets 


(3.4) 


:= {W\C,x)u,v)l2^^) G n{n^) . (3.5) 

This definition is suggested by the standard notion of representation coefficient function from 
the theory of unitary group representations. However, in general, G x G is not a group, v 
not scalar-valued, and x)W'^{r], y) makes no sense. 

Remark 3.4. Note the identity 


= {W^iC, x){u ® V (8) , (3.6) 

valid for u,v £ L‘^{G), £ FL^ , {iix) G F. It follows immediately from (13.51) and (13.41) . 

In fact (13.61 ) can serve as a definition of ^(^, x). 

Proposition 3.5. The mapping {u,v) defines a unitary map (denoted by the same 

symbol) : L2(G) (g) L^(G) —)■ .^^(F), called the Fourier-Wigner r-transformation. 

Proof. Let us define fhe change of variables 


cv’^ : G X G —)■ G X G , cv'^(x,y) := {xT{y ^x) 


wifh inverse 


(cv^) ^{x,y) = {xT{y),XT{y)y . 


Using fhe definifion and fhe inferprefafion (13.41) . one has for £ TL^ 

y^u,viC,x)p^ = J^[W\C,x)iu^p^)]{z)v{z)dm{z) 


= j v{z)u{zx~^)i[zT{x) p^dm{z) 


(3.7) 

(3.8) 


= v{yT{x)) u{yT{x)x i) C(y) Vc dir){y) 

= [(cv^)"\y, x)] C(y) V? dm{y). 

By using fhe properties of fhe Haar measure and fhe unimodularify of G, if is easy fo see fhaf 
fhe composifion wifh fhe map cv"^, denofed by CV^, is a unifary operator in L^(G x G) = 
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L^(G) ( 8 > L'^{G) . On the other hand, the conjugation L‘^{G) 3 w w € L'^{G) is also unitary. 
Making use of the unitary partial Fourier transformation 

® id) : L2 (g) 0 L^{G) ^2^G) 0 L^{Q ), 

one gets 

= (^ 0 id)(CV^)“^(u®u) (3.9) 

and the statement follows. □ 

The unitarity of the Fourier-Wigner transformation implies the next irreducibility result: 

Corollary 3.6. Let fC be a closed subspace of Lp‘{G) such that x)(/C ( 8 ) T-L^) d 

for every (^, x) G F. Then K, = {0} or JC = T^(G). 

Proof Suppose that K, / T^(G) and let v G \ {0} . 

Let us examine the identity (13.61) . where It G /C, (^,x) G F and G Since 

x){u ( 8 > € }C 0 T-L^ , the right hand side is zero. So the left hand side is also zero for 

arbitrary, so x) = 0. Then, by unitarity 

II ^ lli 2 (G) II ^ lli 2 (G) = II ^u,v\\% 2 (f) ^ dm{x)dm{i) = 0 , 

and since u 7 ^ 0 one must have u = 0 . □ 

Depending on the point of view, one uses one of the notations ^ or W^{u 0 v). We also 
introduce 

= V^ud)v) := = {\d®^){CY^y\v^u) G L\G)d)l^\G), (3.10) 

which reads explicitly 

= j^u{xT{y)y-^)v{xT{y))C{y)*dm{y). 

One can name the unitary mapping : ^^(G) ( 8 )L^(G) -3 dd'^{T) the Wigner r-transfonnation. 
We record for further use the orthogonality relations, valid for u, u', v, v' G L^(G): 

,v')^2(f^ — {u ,u)^2^Q'^{v,V — yu,vi^ui,vi)gg2(Y-^ ■ (3-11) 

3.2 Pseudo-differential operators 

Let, as before, r : G ^ G be a measurable map. The next definition should be seen as a rigorous 
way to give sense to the r-quantization Op^(a) introduced in ( 11 . 21 ) . 

We note that in general, due to various non-commutativities (of the group, of the symbols), 
there are essentially two ways of introducing the quantization of this type - these will be given 
and discussed in the sequel in Section 0 see especially formulae (16.81) and (16.91 ). In the context 


13 





of compact Lie groups these issues have been extensively discussed in 1351, see e.g. Remark 
10.4.13 there, and most of that discussion extends to our present setting. One advantage of the 
order of operators in the definition (11.21 ) is that the invariant operators can be viewed as Fourier 
multipliers with multiplication by the symbol from the left (11.41) . which is perhaps a more familiar 
way of viewing such operators in non-commutative harmonic analysis. However, it will turn out 
that the other ordering has certain advantages from the point of view of C*-algebra theories. We 
postpone these topics to subsequent sections. 

Definition 3.7. Fora G (with Fourier transform a := G we define 

Op ’^(a) to be the unique bounded linear operator in L^(G) associated by the relation 

OPa('«)^) = (Op^(o)u,u)^2(G) (3-12) 

to the bounded sesquilinear form op^ : L^(G) x L^(G) —>■ C 

°Pliu,v) := (a, Tr^[a(C,x)VF;_„(C,x)*] dir){x)dm{^) (3.13) 

or, equivalently, 

opl{u,v) ■■= («>K,^)^ 2 (r) = dm{x)dm{^). (3.14) 

One says that Op’^(a) is the r-pseudo-differential operator corresponding to the operator-valued 
symbol a while the map a Op’^(a) will be called the r-pseudo-differential calculus or r- 
quantization. 

To justify Definition [TTJ one must show that op^ is indeed a well-defined bounded sesquilin¬ 
ear form. Clearly op'^{u,v) is linear in u and antilinear in v. Using the Cauchy-Schwartz 
inequality in the Hilbert space , the Plancherel formula and Proposition 13.51 one gets 

|op;(u, u)| < II a IIII II^ 2 (r) = II a ||^ 2 (r) || u 11^2(01| v ||i, 2 (G) . 

This implies in particular the estimation || Op^(a) ||b[l 2 (g)] < || a ||^ 2 (r). This will be improved 
in the next result, in which we identify the rank-one, the trace-class and the Hilbert-Schmidt 
operators in L^(G) as r-pseudo-differential operators. 

Theorem 3.8. L Let us define by 

Att,^(rc) := (rc,u)i2(G) u , 'dw^L^{G) 

the rank-one operator associated to the pair of vectors {u, v). Then one has 

Au,v = 0p"(v;j , G L2(G) . (3.15) 

2. Let T bea trace-class operator in Lf{G). Then there exist orthonormal seqences {un)n&N . 
{vn)neN and a sequence {Xn)neN C C with XlnsN l-^^l ^ 

r = y3A„0pyv;.,J. (3.16) 


14 


3. The mapping Op^ sends unitarily ^^(F) in the Hilbert space composed of all Hilbert- 
Schmidt operators in L^(G). 

Proof. 1. By the definition (13.141) and the orthogonality relations (13.1 111 , one has for u',v' € 
L2(G) 

= {^u,vU ,v')j^2(^Qy 

2. Follows from 1 and from the fact ll42l pag. 494] that every trace-class operator T can be 

written as T = K^un,vn with Un,Vn, Xn as in the statement. 

3. One recalls that A defines (by extension) a unitary map L‘^{G) ^ A^(G) —)> ]B^[L^(G)] 
and that is also unitary and note that 

Op^ = A o = A o o ® ^-1) . (3.17) 

Another proof consists in examining the integral kernel of Op’^(a) given in Proposition 13.91 □ 

The unitarity of the map Op^ can be written in the form 

Tr[Op^(o)Op^(6)*] = [ fTr^[a{x,C)b{x,C)*]dm{x)d{r\{^), 

Jg Jg 

where Tr refers to the trace in B [L^(G)] . 

Proposition 3.9. If a ^ , then Op^(a) is an integral operator with kernel Ker^ G L2 (Gx 

G) given by 

Ker^(x, y) := CV'^(id (g) .^“^)a . (3.18) 

Proof Using the definitions, Plancherel’s Theorem and the unitarity of CV’^, one gets 


(Op»u,'(;)i2(G) := {a,K^v)^2^Y) 

= /a, (id (g .^)(CV'^) ^(uigu) 


L2(G)®^2(G) 

= /(id0.^-i)a, (CVn"^(ug)u)\ 

\ ^ ^ /L2(G)(g,L2(G) 

= /cV^(id g> (v (g u)\ 

\ /L2(G)(g)L2(G) 

= / / [CV'^(id g ^“^)a] (x, y)(T (g ri)(x, y)(im(y)dm(x) 
Jg Jg 

~ J (y J [Cy^{'\d ^~^)a]{x,y)u{y)dm{y)^v{x)drr\{x), 


completing the proof. 


□ 
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Remark 3.10. We rephrase Proposition [3]9] as 

Op”^ = Int o Ker"^ = Int o CV^o (id 0 , (3.19) 

where Int : L^(G x G) ^ [L^(G)] is given by 

[lnt(M)tt](3:) := J M(x,y)u{y)drr\{y). 

Now we see that Op^ actually coincides with the one defined in (11.21) . at least in a certain sense. 
Formally, using (13.181 ). one gets 


Ker;(a;,y)= / Trja(a:r(y \^)Ciy ^x)j dm(0 


(3.20) 


and this should be compared to (11.21 ). The formula (13.201 ) is rigorously correct if, for instance, 
the symbol a belongs to {\d ® x G), since the explicit form (12.81) of the inverse Fourier 

transform holds on ^Cc{G) C ^[A{G) D T^(G)] = D 3d‘^{G) . Thus we reobtain the 

formula (11.21) as 


[Op^(a)u](x) = Kerl{x,y)u{y)dm{y) 


Tr, 


G^JG 


^{y ^x)a{xT{y ^x) dm{mu{y)dm{y). 


(3.21) 


Remark 3.11. If r, r': G G are measurable maps, the associated pseudo-differential calculi 
are related by Op^(a) = Op’^(aT-T') where, based on (13.191) . one gets 

(id (g) ^“^)aT-T-/ = [(id g) o cv'^ o (cv'^) (3.22) 

One computes easily 

cv^'^(x,y) := [cv^'o (cv^)"^] (x, y) = {xT{y)T'{y)~\y) . (3.23) 


However, it seems difficult to turn this into a nice explicit formula for Urr' > but this is already the 
case in the Euclidean space too. The crossed product realisation is nicer from this point of view 
(when “turned to the right”). Using (13.311) one can write 

Sch^'($) = Sch^($^^/), (3.24) 

with ^rr' = o cv'^b" See also Remark 1741 


3.3 Involutive algebras of symbols 

Since our pseudo-differential calculus is one-to-one, we can define an involufive algebra sfrucfure 
on operator-valued symbols, emulafing fhe algebra of operafors. One defines a composifion law 
and an involufion on by 

Op^(a#^6) := Op^(o)Op^(6), 
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Op>#0 := Op^(a)*. 

The composition can be written in terms of integral kernels as 


= Ker^ • Ker^ , 


where, by (13.191 ). 


Ker^:=CV^o(id®^-^) 
and • is the usual composition of kernels 


(M • N){x, y) := M{x, z)N{z, y)dm{z), 


corresponding to lnt(M • N) = lnt(M)lnt(A^). It follows that for a, 6 G 3d‘^{T) 
ai^rb = (Ker’’) ^(Ker^ • Ker^) 

= (id (g) o (CV^)-i| [CV^ o (id (g) ^-i)]a • [CV^ o (id (g) ^-^)] 6|. 


(3.25) 


Similarly, in terms of the natural kernel involution M*{x, y) := M(y, x) (corresponding to 
Int(M)* = lnt(M*)), one gets 

a*- = (Ker^)"^[(Ker^)’] = (id ® o (CV^)-i| (^[CV^ o (id (g) . (3.26) 

Remark 3.12. As a conclusion, (.^^(T), ) is a *-algebra. This is part of a more detailed 

result, stating that ^.^^(T), (•, •)^ 2 (p), ^ is an Tf*-algebra, i.e. acomplete Hilbert algebra 

lfT3l App. A]. Among others, this contains the following compatibility relations between the 
scalar product and the algebraic laws 

c)^2(r) = («; ^^^#Tc)^2(r) j 


{^ib) 

valid for every a,b,c € ^^(F). The simplest way to prove all these is to recall that [L^(G)] 
is an iT*-algebra with the operator multiplication, with the adjoint and with the complete scalar 

Op^ 

product (S,T}j ^2 := Tr[5T*] and to invoke the algebraic and unitary isomorphism .^^(T) = 
B2[l2(G)] . 

Formulae (13.251 ) and (13.261) take a more explicit integral form on symbols particular enough 
to allow applying formula (12.81) for the inverse Fourier transform. Since, anyhow, we will not 
need such formulas, we do not pursue this here. Let us give, however, the simple algebraic rules 
satisfied by the Wigner r-transforms defined in (13.101) : 

Corollary 3.13. For every u, v, ui,U 2 ,vi,V 2 G L^(G) one has 


and 



(3.27) 

(y^ )*^ = 

V ^ u,vj v,u 

(3.28) 
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Proof. The first identity is a consequence of the first point of Theorem [T8j 

Op^(K2,i;2) 

= (v2'^'Uj\) A.U2,vi 
= {v2,UiW{Vl^^^^) , 

which implies (13.271 ) because Op’^ is linear and injective. 

The relation (13.281) follows similarly, taking into account the identity A* ^ . □ 

Remark 3.14. It seems convenient to summarise the situation in the following commutative 
diagram of unitary mappings (which are even isomorphisms of 77*-algebras): 


l2(G) ® l2(G) l2(G) 0 ^^{G) ® l2(G) 



pg^{G)0L\G) ► M^[L\G)] - L2(G)0L2(G) 


For completeness and for further use we also included two new maps. The first one is given by 
the formula Po^ := Op^o (8) and it is the integrated form of the family of operators 

{ VF'^(x, I (x, G G X G } , defined formally by 

Po^(o) := f f Tr^[a(,^,x)VF'^(^, x)*](im(x)(irh(^). (3.29) 

Jg Jg 

Here we can think that a = ® . It is treated rigorously in the same way as Op^; the 

correct weak definition is to set for u,v £ A^(G) 

{Po^{a)u,v)= {0p^[{^-^ 0^){a)]u,v)^^^^^ = (a, • (3-30) 


The second one is the Schrddinger representation Sch^ := Int o CV^ defined for <1> G L^(G x G) 
by 


[Sch'^(<I>)n](x) := J <I>(xr(y ^x) \r/ ^x)r;(y) dm(y). (3.31) 

It satisfies Op^ = Sch^o (id ( 8 > and we put it into evidence because it is connected to the 

(7*-algebraic formalism described in Subsection l7.21 


3.4 Non-commutative L^-spaces and Schatten classes 

Definition 3.15. Forp G [1, oo) we introduce the Banach space := A^[G; 3d^{G)] with 

the norm 


l^p,p(r) 


= {Jg l|a(C,a:)||^p(^^)(im(0 dm(x)) 


18 
















where the convenient notation o(^, x) := [ci(ic )](0 been used. 

Note that (S>L^(G) (projective completed tensor product), while = 

t^^(r) = (g) L^(G) (Hilbert tensor product). The double index indicates that the spaces 

^p.'?(r) := Lp[G; ,^^'^(G)] could also be taken into account for p 7 ^ . 

To put the definition in a general context, we recall some basic facts about non-commutative 
LP-spaces Il34ll44]| . A non-commutative measure space is a pair formed of a von Neu¬ 

mann algebra with positive cone , acting in a Hilbert space /C, endowed with a normal 
semifinite faithful trace T : [0, 00 ]. One defines 

:= {m € | T[s{m)] < 00 }, 

where s{m) is the support of m, i.e. the smallest orthogonal projection e G ^ such that 
erne = m. Then SA, defined to be the linear span of , is a w*-dense *-subalgebra of .M. For 
every p G [ 1 , 00 ), the map || -W^p). ^ ^ [ 0 , 00 ) given by 

ll"^ll(p)-= [T{\m\P)]^^^ = [r((m*m)P/2)]^/^ 

is a well-defined norm. The completion of || • ||(p)) is denoted by T) and is called 

the non-commutative L^-space associated to the non-commutative measure space (^, T) ■ The 
scale is completed by setting T) := It can be shown that T) can be 

viewed as the predual of and the elements of T) can be interpreted as closed, maybe 

unbounded, operators in JC ||34l. 

We are going to need two important properties of these non-commutative L^’-spaces. 

• Duality: ifp^oo and 1 /p-|- 1 /p' = 1 , then T)] * = (^, T) isometrically; 

the duality is defined by (m, n)(p) (p/) := T{mn*) (consequence of a non-commutative 
Holder inequality). 

• Interpolation: the complex interpolation of these spaces follows the rule 

= ^p(^;r), 0 g(o,i), -=^^ + — . 

" p Po Pi 


In our case the non-commutative measure space can be defined as follows: The von Neumann 
algebra is 


Sd°°'°^{V)=3d{G)(g)L°^{G) = p M{n^)dm{^)®L°^{G) 

(weak*-completion of the algebraic tensor product). Denoting as before by Trg the standard trace 
in 8 ( 7 ^ 5 ), then on 1^{G ) one has ifldl Sect II.5.1] the direct integral trace Tr := Tr^ dm{^) 
and on ^{G) (g) L°°{G) the tensor product Il44l 1.7.5] T := Tr (g of Tr with the trace given 
by Haar integration in the commutative von Neumann algebra L°°{G). Thus one gets the non- 
commutative measure space (,^°°’°°(r), T) . It is not difficult to show that the associated non- 
commutative L^'-spaces are the Banach spaces introduced in Definition ^. 15l ( ll44l 1.7.5] 
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is useful again). In particular, we have the following rule of complex interpolation: 


r^P0,P0(f)^^Pi,Pi(f)i ^ , 0 e (0,1), i = -—- + — . 

^ p Po Pi 

On the other hand, the Schatten-von Neumann ideals B^[L^(G)] are the non-commutative 
L^-spaces associated to the non-commutative measure space (B [L^(G)] , Tr) . So they interpo¬ 
late in the same way. 

Proposition 3.16. For every p £ [2, cx)] one has a linear contraction 

: UiQ . (3.32) 

Proof. We have seen in Proposition 13.51 that W’’ is unitary if p = 2 . If we also check the case 
p = oo, then (13.321) follows by complex interpolation. But the uniform estimate 

II IIb(P5) < II U ||l2(g) II V ||i2(G) 

is an immediate consequence of (13.61) and of the unitarity of x) in L^(G; Fi^). □ 

For the next two results we switch our interest from Op^ to Po’’, given by (13.301) . since for 
such general groups G there is no inversion formula for the Fourier transform at the level of the 
non-commutative L^-spaces (the Hausdorff-Young inequality cannot be used for our purposes). 

Theorem 3.17. If a € [G; then Po’^(a) is bounded in L‘^{G) and 

ll*^° (®)|Ib[L 2(G)] — II® ll.«i'i(f) ■ 

Proof One modifies (13.301) to a similar definition by duality 

<Po"(a)u,u)^2(G) = := T(a , 

based on the case p = oo of Proposition ^. 16l and on the duality of the non-commutative Lebesgue 
spaces. □ 

By using complex interpolation between the end points po = 2 and pi = oo , one gets 

Corollary 3.18. If p ^ [1)2], 1 + ^ = 1 and a G LP[G]^p{G)] , then Po’’(a) belongs to 
Bp'[L2(G)] and 

||P° (®)|Ibp'[l2(g)] — II®ll.^p,p(r) • 

More refined results follow from real interpolation; the interested reader could write them 
down easily. 
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4 Symmetric quantizations 


Having in mind the well-known 11211 Weyl quantization, we inquire about the existence of a 
parameter r allowing a symmetric quantization; if it exists, for emphasis, we denote it by u. 
By definition, this means that = a* for every a G , where of course a*{x,^) := 

a{x,^)* (adjoint in for every (x,^) G F. At the level of pseudo-differential operators 

the consequence would be the simple relation Op'^(a)* = Op‘^(a*), so “real-valued symbols” are 
sent into self-adjoint operators. 

4.1 An explicit form for the adjoint 

In order to study symmetry it is convenient to give a more explicit form of the involution (13.261) : 
we need to alow different values of the parameter r. For any measurable map r : G —)■ G , let us 
define 

T : G ^ G , r(x) := r(x“^) X . (4.1) 

If is worfh mentioning fhaf if t(-) = e fhen r = idc and if r = idc then t(') = e. In 
addition r = r holds. 

If G = M” and t := t idiRn with t G [0,1], one has r = (1 — t)id]Rn and the next proposition 
is well-known for pseudo-differential operators on 

Proposition 4.1. For every a G ^^{T) one has Op^(a)* = Op’^(a*). 

Proof. Hoping that Op^(a)* = Op’^ (a*) for some r' : G —> G , by (13.191 ). one has to examine the 
equality 

([CV^o (id 0 ^-^)] ay = [CV^'o (id 0 ^-^)] a*. 

This and the next identities should hold almost everywhere with respect to the product measure 
m (g> m . Using the easy relation 

[(id (g) z) = [(id 0 ^~^)a]{y, z ~^), 


one gets immediately 

^ [CV^ o (id (g) ^~^)\ (y, z) = [(id (g) ^-^)a] [yr'{z-^y)-^,y-^z) . (4.2) 


On the other hand 


^ [CV^o (id (g) (y, 2 ;) = ^ [CV^ o (id (g) ^)]a^( 2 :, y) 


(4.3) 


= [(id g> .^“^)a] (yZT{y~^z)~^,y~'^z) 

and the two expressions (14.21) and (14.31) always coincide m (gi m-almost everywhere if and only if 

yT'{z~^y)~^ = ZT{y~^z )~^, m (g) m — a.e. (y, 2 ;) G G x G . 
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This condition can be transformed into 


t'{z ^y) = T{y ^z)z , m 0 m — a.e. (y, 2 ) € G x G , 

which must be shown to be equivalent to r' = r holding m-almost everywhere. 

This follows if we prove that ^4 C G is m-negligible if and only if M{A) := {(y, z) £ G x G | 
z~^y £ A} is m (g) m-negligible. Since m is cr-finite, there is a Borel partition G = LinenBn with 
m(i?„) < 00 for every re £ N. Thus M{A) = Un£^Mn{A), with 

Mn{A) := {{y,z) e M{A) \ z e Bn} = {{y,z) £ G x | y £ zA} . 

Using the invariance of the Haar measure, one checks that (m (g) m) [M„(^)] = m(^)m(i?„) 
and the conclusion follows easily. □ 

4.2 Symmetry functions 

The measurable function a : G —> G is called a symmetry function if one has Op‘^(a)* = Op'^(a*) 
for every a £ . When G is admissible and a symmetry function exists we say that the 

group G admits a symmetric quantization. As a consequence of Proposition 14. 1 l one gets 

Corollary 4.2. The map a : G ^ G is a symmetry function if and only if for almost every x £ G 

(j{x) = (t(x“^) X . (4.4) 

In particular, if a is a symmetry function and a[-, ■) £ is self-adjoint pointwise (or 

almost everywhere) then Op‘^(a) is a self-adjoint operator in L?‘{G). 

The problem of existence of a satisfying (14.41) seems rather obscure in general, so we only 
treat some particular cases. 

Proposition 4.3. 1. The product G := of a family of groups admitting a symmetric 

quantization also admits a symmetric quantization. 

2. The admissible central extension of a group admitting a symmetric quantization by another 
group with this property is a group admitting a symmetric quantization. 

3. Any exponential Lie group (in particular any connected simply connected nilpotent group) 
admits a symmetric quantization. 

Proof. 1. Finite products of admissible groups are admissible. If cj^ is a symmetry function for 
Gfc , then a [(xfc)^] := (o'fc(xfc))^ defines a symmetry function for G . 

2. The structure of central group extensions can be described in terms of 2-cocycles up to 
canonical isomorphisms. Let N be an Abelian locally compact group, H a locally compact group 
and ro : H X H —> N a 2-cocycle. On G := H x N one has the composition law and the inversion 

(/ii,rei)(/i2,re2) := (hih2,nin2w{hi,h2)), {h,n)~^ := [hT^,w(h~^,h)~^rr^) . (4.5) 


22 


The properties of w are normalisation w{h, ch) = On = ^(eH, /i), V/i € H , and the 2-cocycle 
identity 


w{hi,h2)w{hih2,hs) = w{h2,hs)w{hi,h2h3), V/ii,/r2,/is ^ H . (4.6) 

We are given symmetry functions cth : H ^ H and (Tn : N —N thus satisfying 
(Th(/i) = (Th(/i“^) h, (Tfi{n) = cT|\i(n“^) n = n(T|\i(n“^) . 

We define the measurable map u : G —> G by 

a{h,n) : = (aH{h),aN[!^{crH{h~^),h)n]) 

) _ _ ’ _ -1 _ \ (4.7) 

= [o-nih ^)h,w{aH{h ^),/i)n ctn [tz7((Th(/i ^),h) n j ; 

the second line has been deduced from the first by using the properties of cth and itn and the fact 
that N is commutative. We compute using (14.51 ) and (14.71 ) 

(t((/i, n)“^) {h,n) = a(^h~^,zu{h~^,h)~^n~^^ {h,n) 

= (^crHih~^),crN[!^{crH{h),h~^)w{h~^,hy^n~^]^ {h,n) (48) 

= (^cr\^{h~^) h,na[\i[w[a\^{h),h~^)w{h~^ ,h)~^n~^]zu[aH{h~^), h)'^ . 

The first components in (14.71 ) and (14.81 ) are equal. The second ones would coincide if one shows 
w[aH{h~^), h) ^ = w[aH{h), h~^)w{h~^,h)~^ , 


which is equivalent to 


w[aH{h),h~^)zu[ay^{h~^),h) = m[h~^,h) . (4.9) 

Taking in (14.61) = h and using the normalization of w one gets 

uj{hi,h~^)w{hih~^, h) = w{h~^, h), V/is G H . 


Choosing /13 := a\-i{h) we get (14.91 ). because cth is a symmetry function. 

3. Assume that G is a Lie group with Lie algebra q. It is known that the exponential map 
exp : g —> G restricts to a diffeomorphism exp : u —> U , where u is a neighborhood of 0 G g 
(a ball centered in the origin, for example) and U is a neighborhood of e G G. The inverse 
diffeomorphism is denoted by log : U ^ u. One defines “fhe midpoinf mapping” 


We claim fhaf 


17 : U ^ G, 



1 

exp[s log x]ds. 


xa{x ^) = a{x) = a{x ^)x, VxGG. 


(4.10) 

(4.11) 
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We prove the second equality; the first one is similar: 

a{x~^)x= / exp[slog(x“^)]dsx 

Jo 

1 

exp [ — s log(a:)] ds exp [ log(x)] 

1 

exp [(1 — s) log(x)] ds 
1 

exp [s log(x)] ds = a{x). 

An exponential group G is, by definition, a Lie group for which one can take u = q and U = G 
(i.e. the exponential map is a global diffeomorphism), case in which the symmetry function a is 
globally defined. In addition G is admissible. Connected simply connected nilpotent group are 
exponential, by 171 Th. 1.2.1]. □ 

Example 4.4. For G = M” one just sets a{x) := x/2 (getting finally the Weyl quantization). 

If a is required to satisfy cr(-“^) = (e.g. being an endomorphism), (14.41) reduces to 

X = cr(a:)^ for almost every x , which is equivalent to “any” element in G having a square root; 
such a group does admit a symmetric quantization. This fails for many groups, as G := Z" for 
instance. 

It is easy to see that the torus T has a measurable symmetry function given by the group 
endomorphism defined essentially as cj(e^’^**) := It is not even continuous and this is 

an obvious drawback on such a basic Lie group, on which one has great expectations from a 
pseudo-differential calculus (cf. l35l [3^ and references therein for the rich theory in the case 
t{x) = 1). 

On the other hand, the symmetry function of an exponential Lie group is smooth. 



5 Extension to distributions 

Having started with the formalism involving symbols in ^^(F) and operators bounded on L^(G), 
it is useful to be able to extend it to e.g. unbounded symbols and to operators which are only 
densely defined on L^(G). If the group G is a Lie group (has a smooth manifold structure), 
we can, for example, think of operators acting from the space of test functions to the space of 
distributions, or of operators having e.g. polynomial growth of symbols. Without assuming that 
G is a Lie group we do not have the usual space of smooth compactly supported functions readily 
available as the standard space of test functions. So we will be using its generalisation to locally 
compact groups by Bruhat 0, and these Bruhat spaces 'D(G) and V^G) will replace the usual 
spaces of test functions and distributions, respectively, in our setting. 

5.1 Smooth functions and distributions - Bruhat spaces 

The Bruhat spaces 'D{G) and 'D'{G) have been introduced in ||4j|, to which we refer for further 
details. Most of their properties hold for every locally compact group, but in some cases second 
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countability is also used. Postliminarity, unimodularity or amenability are not needed. 

A good subgroup o/ G is a compact normal subgroup H of G such that G/H is (isomorphic 
to) a Lie group. The family of all good subgroups of G will be denoted by good(G); it is stable 
under intersections. We are going to assume first that 

n H = {e}. (5.1) 

Hggood(G) 

Denoting the connected component of the identity by Gq , this happens, for instance, if G/Gq 
is compact, in particular if G is connected. If (15.11) holds, every neighborhood of e contains an 
element of good(G). Then G can be seen as the projective limit of the projective family of Lie 
groups 

{G/H ^ G/K I H, K G good(G), K c H} . 

For every good group H one sets P(G/H) := C/*^(G/H) with the usual inductive limit topology. 
Functions on quotients are identified wifh invarianf functions on fhe group by fhe map := 

V o , where qy\ : G ^ G/H is fhe canonical surjection. Thus on 

Dh(G) := jH[:P(G/H)] c C,(G) C Co(G) 
one can fransporf fhe topology of D(G/H). 

Definition 5.1. The Bruhat space 'D{G) of the locally compact group G is the topological induc¬ 
tive limit of the family of subspaces {Dh(G) | H G good(G)} of Cc(G). 

The strong dual of'D{Qs) is denoted by T>'{G); it contains T){Qs) densely. Its elements are 
called distributions. 

The space D(G) is barrelled and bornological. If is continuously and densely confained in 
Cc(G) and complete. If G is already a Lie group, fhen {e} G good(G) and clearly D(G) = 
C-(G). 

The spaces D(G) and D'(G) are complete and Montel (fhus reflexive) as well as nuclear. 

We presenfed above fhe case in which our locally compacf group salisfies PlHegoodfc) ^ ~ 
{e} . Following S Seel. 2], we briefly indicate whaf to do wifhouf fhis assumption. 

There exisfs an open subgroup Gi of G such fhaf PlHiGgoodfCi) ~ • Thus fhe space 

D(Gi) C Cc(G) is available. The group G is partitioned in classes modulo Gi to fhe leff: G = 
U xGi or to fhe righf: G = (J Gix . By leff franslalions one generates fhe subspaces T>(xGi) of 
Cc(G) (wifh fhe fransporfed topology); fhe elemenfs are parficular fypes of continuous functions 
on G compacfly supported in xGi . Then define D^(G) C Cc(G) to be fhe topological direef sum 
V^{G) := 0 'D(xGi) . If comes ouf fhaf fhe similarly consfruefed T>^{G) := 0 P(Gix) is fhe 
same subspace of Cc(G) wifh fhe same topology. In addifion, if does nol depend on fhe choice of 
fhe open subgroup Gi so if deserves fhe nofalion T){G). 

Then fhe consfruefion of fhe space T>'{G) follows similarly and all fhe nice properlies men¬ 
tioned above sfill hold (cf. 0). The main reason is fhe facf fhaf fopological direef sums are ralher 
easy to conlrol. Subsequenlly we will have recourse fo fhese Bruhaf spaces in fhe general case. 
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We are going to use the symbol ® for the projective tensor product of locally compact spaces; 
note, however, that this will only be applied to spaces known to be nuclear. By the Kernel 
Theorem for Bruhat spaces lH Sect. 5] one has 

P(G X G) ^ V{G)0V{G) C l2(G X G) 

continuously and densely. Soon we are going to need the next result: 

Lemma 5.2. The mapping 

CV : P(G X G) ^X>(G X G), [CV(^)](x, y) := T'[cv(x, y)] = (5.2) 

is a well-defined topological isomorphism. Its inverse CV“^ is the operation of composing with 

cv“^ : G X G ^ G X G , cv“^(a:, y) := (x, xy“^) . 

By transposing the inverse one gets a topological isomorphism 

cv := [CV-^]^' : V'{G x G) ^ V'{G x G), 

which is an extension of the one given in d5.2l) (this explains the notational abuse). 

Proof. The proof is quite straightforward, but rather long if all the details are included, so it is 
essentially left to the reader. Besides using the definitions and the standard tools of duality, one 
should also note the following: 

• If H is a good subgroup of G , then H x H is a good subgroup of G x G and (GxG)/(HxH) 
is canonically isomorphic to (G/H) x (G/H). 

• For H G good(G) there is a Lie group isomorphism 

cvH : (G/H) X (G/H) ^ (G/H) x (G/H), 

cvH(xH,yH) := ((xH), (yH)~^xH) = (xH,y"^xH) 
and related to the initial change of variables cv through 

CVH o (yn X ^h) = (^H X Qh) O cv . 

This and the fact that cvh is a proper map easily allow us to conclude that CV : Ph x h (G x 
G) —> Phxh(G X G) is a well-defined isomorphism for every good subgroup H . 

• Lef Gi be a subgroup of G ; fhen cv carries Gi x Gi info ifself isomoiphically. 

• Lef Gi be an open subgroup of G such fhaf nHiegood(Gi) ~ ■ Then fhe family 

{HixHi|HiG good(Gi)} is direcfed under inclusion and 

Pi Hi X Hi = {(e,e)}. 

Hiegood(Gi) 
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□ 

Remark 5.3. Of course, the case t{x) = x can be treated the same way. If one tries to do the 
same for the change of variables cv"^, in general one encounters rather complicated conditions 
relating the map r to the family good(G). However, if G is a Lie group, good(G) has a smallest 
element {e} and thus I’(G) coincides with C^(G). Then it is easy to see that the statements of 
the lemma hold if cv’" is proper and r : G —> G is a -function. 


5.2 Restrictions and extensions of the pseudo-differential calculus 

Let us define ^(G) := ^IV(G)] with the locally convex topological structure transported from 
the Bruhat space T>(G}. One has ^’(G) C Cc(G) C L^(G) n ^(G) (continuously and densely), 
so ^(G) is a dense subspace of ^^(G) n ^^(G) (with the intersection topology) and of ^^(G). 
Thus the explicit form of the inverse (12.81) holds on ^(G). One also has 


«(e) = ^Trg[(^u)(0]c(m(0 , Vu G V(G). 

We are going to use the dense subspace 

^(r) = ^(G X G) := P(G) ® ^(G) C , 


possessing its own locally convex topology, obtained by transport of structure and the completed 
projective tensor product construction. Taking also into account the strong dual, one gets a 
Gelfand triple ^(T) ^'(F) . 

Proposition 5.4. The pseudo-differential calculus Op : L^{G) (g) ^"^{G) — )> [L^(G)] 

• restricts to a topological isomorphism Op : 'D{G) (8> f^(G) —> B[D'(G); P(G)] , 

• extends to a topological isomorphism Op : ^'(G) (8> &{G) B [P(G); P'(G)] . 

Proof. The proof can essentially be read in the diagrams 




V{G)®&{G) V{G)®V{G) ^ V{G x G) 


Op 


cv 


'\V'{G)-V{G)\ 


Int 


V{G X G) 


27 






and 


-1 




Op 


\[V{Q)-V\G)\ 


V'{G)®V'{G)^V'{G X G) 


cv 


Int 


V'{G X G) 


The vertical arrows to the right are justified by Lemma [S!2l We leave the details to the reader. □ 


Techniques from 11271 could be applied to define and sfudy large Moyal algebras of vecfor- 
valued symbols corresponding fo fhe spaces ]B[T>(G)] and B[D'(G)] of operators. 


5.3 Compactness criteria 

The nexf resulf shows fhaf compacfness of sefs, operators and families of operators in fhe Hilbert 
space (G) can be characterised by localisafion wifh pseudo-differenlial operafors wifh symbols 
in &{T). We adapf fhe mefhods of proof from |[26l . whose framework cannof be applied direcfly. 

Theorem 5.5. 1. A bounded subset A of L?‘{G) is relatively compact if and only if for every 

e > 0 there exists a € ^(T) such that 

sup II Op’^(a)ri — ri || 2 , 2 (g) < e. (5.3) 

ueA 

2. Let X be a Banach space. An element T € B [T”, (G)] is a compact operator if and only 

if for every e > 0 there exists a G ^(T) such that 

II Op^(a)r — T ||b[;(.^j;^ 2 (g)] < e. 

3. Let ££ C B[L^(G)] he a family of bounded operators. Then is a relatively compact 
family of compact operators in ]K[L^(G)] if and only if for every e > 0 there exists a G 
^(r) such that 

sup ( II Op”^ (a)T — r||B[j;^ 2 (G)] + II Op^ (a)T* — T* ||b[^ 2 (g)] ) < e- 

TG.5f 

Proof. 1. If A is relafively compacf, if is fofally bounded. Thus, for every e > 0, fhere is a finife 
sef F such fhaf for each u G A fhere exisfs u' G F wifh \\u — u' \\i 2 (^q-j < e/4. This finife subsef 
generates a finife-dimensional subspace Tip C T^(G) wifh finite-rank corresponding projecfion 
Pp . Then for every u G A, recalling our choice for u' and fhe facl fhaf Ppu' = u', one gefs 

II Ppu - U ||l 2 (g) < II Ppu - Ppu' ||l 2 (g) + II Ppu' - u' ||l 2 (g) + \\u' -u ||l 2 (g) 

< 2 \\u - u' < e/2. 
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(5.4) 


Let now M := sup^g^ II ^ IIl2(g) ; if we find a G ^(L) such that 

II Op^(a) - Pp ||b[i,2(g)] < e/2M 

one writes for every u € A 

II Op^(a)n - u \\l 2 {g) < II Op^(a)ri - Ppu 11^2(0 + || Ppu - u ||x, 2 (g) < e/2 + e/2 = e 

and the formula (15.31) is proved. 

Since D(G x G) is dense in L^(G x G), the subspace ^(L) is dense in . Consequently, 

Op’^ : ^^(r) —>■ B^[L^(G)] being unitary, one even gets an improved version of (15.41) with the 
operator norm replaced by the Hilbert-Schmidt norm. This finishes the “only if’ implication. 

We now prove the converse assertion. Fix e > 0 and choose a G ^(F) such that 

sup II Op'^(a)u — u ||i, 2 (g) < e/2 . 
ueA 

Since S>{T) C , the operator Op^(a) is Hilbert-Schmidt, in particular compact. The set A 

is assumed bounded, thus the range Op’^(a)A is totally bounded. Consequently, there is a finite 
set E such that for each u G A there exists u" G E satisfying || Op^(a)n — u" ||i;,2(G) ^ f/2. 
Therefore 

II u - u”\\ l 2 {g) < Ik - Op^(o)'u 11^2(0 + II Op^(o)u - u” ||£,2(g) < e/2 + e/2 = e, 

so the set A is totally bounded, thus relatively compact. 

2. The operator T is compact if and only if A := T(^{w G <T | || u; 11;^ < 1}) is relatively 
compact in the Hilbert space L^(G). By 1, this happens exactly when for every e > 0 there is a 
symbol a in ^(F) such that 

II Op^(a)r - T ||B[n',L2(G)] = sup || [Op^(a) - l]iTw) 11^2(0 < e. 

3. The set is called collectively compact if y]rp^^Ti^{u G L^(G) | || u ||i 2 (G) < 1}) is 
relatively compact in L^(G). It is a rather deep fact |[T][3T1 that Af is a relatively compact subset 
of ]K[L^(G)] with respect to the operator norm if and only if both ^ and := {T* | T G 

are collectively compact. This and the point 2 lead to the desired conclusion. □ 

Remark 5.6. In Subsection 17.31 we are going to introduce multiplication operators Mult(/) and 
left convolution operators Convi( 5 r). Completing Theorem 15.51 one can easily prove that a 
bounded subset A of L?‘{G) is relatively compact if and only if for every e > 0 there exist 
/, 5 G (3c(G) such that 

sup ( II Mult(/)u - u ||i 2 (G) + II ConyL{g)u - u\\ l 2 {g) ) < e • 

uGA 

Such type of results, in a much more general setting, have been proved in |[T5l . They are not 
depending on the existence of a pseudo-differential calculus. On the other hand, essentially by 
the same proof, we could assign /, g to the Bruhat space 22(G), which is not covered by ifTSl . 
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6 Right and left quantizations 


Our construction of the pseudo-differential calculus Op^ started from a concrete expression (13.11) 
for the Weyl system ; we set for x, y G G , ^ G G and 0 G L^(G, V.^) 


[WR{^,x)e]{y) :=^[y{Tx) ^]*[0(yx ^)]. 


(6.1) 


The extra index R hints to the fact that right translations are used in (16.11) . Building on (16.11) we 
constructed a “right” pseudo-differential calculus Op^ = OpJj given on suitable symbols a by 


[OpR(a)u](x) = 



Tr; 


C(y ^x)a{xT{y ^x) dm{^))u{y)dm{y). (6.2) 


We recall that one gets integral operators, i.e. one can write 

Op]j = Int o KerJj = Int o CVJj o (id (g) , (6.3) 

in terms of a partial Fourier transformation and the change of variables 

cv'^ = cvr : G X G —>■ G X G , cv^(x,y) := (xr(y“^x)“\y“^x) . (6.4) 

Besides (16.11 ) there is (at least) another version of a Weyl system, involving translations to the 
left, given by 

[Wl{(,x)e]{y) := C[(Tx)“^y]* [0(x“^y)] . (6.5) 

Using it, by arguments similar to those of Subsections 13.11 and 13.21 one gets a left pseudo- 
differential calculus 


[Op£(a)u](x) = 


Tr, 


/G ^ JG 

which can also be written as 


fixy ^)a(r(xy ^) ^x,^) dm{^))u{y)dm{y), (6.6) 


Op£ = Int o Ker]( = Int o CV£ o (id (g) ^ ^), (6.7) 

in terms of a different change of variables 

cv£ : G X G G X G , cv]((x, y) := (r(xy"^)"^x, xy“^) . 

Once again we get a unitary map Op^ : dd‘^{r) —)■ [L^(G)] and all the results obtained above 
have, mutatis mutandis, analogous versions in the left calculus. In particular, Opf also have 
extensions to distribution spaces connected to the Bruhat space, as in Section [5] 

Remark 6.1. The parameter r is connected to ordering issues even in the standard case G = R”. 
In general, another ordering problem comes from the non-commutativity of the group G and the 
non-commutativity of B('H^) for each irreducible representation ^ : G —> B(7^^). It is to this 
problem that we refer now. It is worth writing again the two quantizations for the simple case 
r(x) = e: 

[Op^(a)u](x) = J^Tr^[^{x)a{x,^)u{^)]dm{^), (6.8) 
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following easily from (16.21 ). and 


[OPl(«)«](3^) = , (6.9) 

following from (16.61) . The two expressions coincide if G is Abelian, since then each will be 
1-dimensional. We will say more on this in Subsections I7.2l and l7. 31 

Remark 6.2. We note that the choices of left or right quantizations as in (16.81) and (16.91) may lead 
to parallel equivalent (as in the case of compact Lie groups) or non-equivalent (as in the case of 
graded Lie groups) theories. In the main body of the article we adopted the conventions leading 
to Op^, mainly to recover the compact IMl and the nilpotent ifTTI case (both already exposed 
in book form) as particular cases. But the left quantization is connected to the formalism of 
crossed product C'*-algebras, as will be seen subsequently, and this can be very useful for certain 
applications. 

We also note that there may be no canonical way of calling the quantization “left” or “right”. 
Thus, the terminology was opposite in |[^ Remark 10.4.13], although it was natural in that con¬ 
text. In the present paper, the adopted terminology is related to the group actions in (16.11) and 
(16.51) . respectively. It also seems natural from the formula Op£ = Sch£ o (id ^ obtained 

later in (17.111) . where Sch£ = r L appears in (17.91) as the integrated form of the Schr'ddinger 
representation, with the left-regular group action L given by [L{y)v]{x) = v[y~^x) , and mul¬ 
tiplication r{f)v = fv.ln any case, we refer to Section IT2] for further interpretation of the 
quantization formulae in terms of the appearing Schrddinger representations. 


Remark 6.3. The measurable map cjl : G —)■ G is called a symmetry function with respect to 
the left quantization if one has Op'^^(a)* = Op'^^(a*) for every o G . As in Proposition 

14.11 one shows that Op]((a)* = Op£(a*), for f{x) := xt{x~^) , so ai must satisfy this time 
(Tl{x) = xaL{x~d (almost everywhere). An analog of Proposition 14.31 also holds. For central 
extensions, instead of (14.71) . one must set 

(JL{h,n) := (^o-h(/i),o-|\i [ro(/i,o-H(/i“^))n]^ . 

Note that, in the Lie exponential case, the function (14.101) is a symmetry function simultaneously 
to the left and to the right, cf. (14.111) . 

Let a be an element of 3S'^{T) and r, r' : G —> G two measurable functions. One has 
OplV) = lnt[Ker£'j and Op^(a) = lnt[Ker^J . 

It is easy to deduce from (16.31) and (16.71) the connection between the left and the right kernel: 

Keri;, = CVE'(CV?j)-'[Kery , 


meaning that one has Ker]( ^ = Ker 


R,a ° , where 


cv 


R,L 


■= (cvr) 


-1 


o cv , 


is explicitly 


^^^R,Lix,y) = [x'ixy ^) ^XT{xy ^),T'(xy ^) ^XT{xy ^)yx ^) . 


31 








This relation looks frightening, but particular cases are nicer. Setting t{x) = e = t'{x) for 
instance, one gets cY^^^{x,y) = [x,xyx~^) , while r = id = r' leads to cv'^’J^(x,y) = 
{yxy-^,y) . 

Investigating when = idcxG holds (leading to Op]^ (a) = OpJj(a) for every a), one 

could be disappointed. It comes out quickly that xyx~^ = y for all x, y is a necessary condition, 
so the group G must be Abelian! Then r = r' is the remaining condition. 


7 The ( 7 * -algebraic formalism 

In this section we describe a general formalism in terms of C'*-algebras that becomes useful as a 
background setting for pseudo-differential operators, in particular allowing working with opera¬ 
tors with coefficients taking values in various Abelian C'*-algebras. Especially, an interpretation 
in terms of crossed product C*-algebras become handy making use of C*-dynamical systems 
and their covariant representations. We introduce an analogue of the Schrddinger representation 
and its appearance in r-quantizations. Consequently, we investigate the role of multiplication 
and convolution operators in describing general families of pseudo-differential operators. The 
formalism is then used to investigate covariant families of pseudo-differential operators and es¬ 
tablish several results concerning their spectra. 


7.1 Crossed product C*-algebras 

We change now the point of view and place the pseudo-differential calculus in the setting of 
C'*-algebras generated by actions of our group G on suitable function algebras. For a full general 
treatment of C*-dynamical systems and their crossed products we refer to 1331 |43l. 

Definition 7.1. A C'*-dynamical system is a triple (.4, 9, G) where 

• G is a locally compact group with Haar measure m, 


• A is a C*-algebra, 


• 0 : G —> Aut(.4.) is a strongly continuous action by automorphisms. 

The third condition means that each Ox '■ A ^ A is> & (7*-algebra isomorphism, the map 
G 9 X 1 -^ 9x{f) € is continuous for every f ^ A and one has Ox o 9y = Oxy for all x, y G G . 

Definition 7.2. 1. To a C*-dynamical system [A, 0, G) we associate the Banach *-algebra 

structure on T^(G; A) (the space of all Bochner integrable functions G ^ A) given by 



T>(x) \\a dm{x), 


(^>oT')(x) := J^^{y)0y[^{y ^x)] dm{y ), 

a>7x) := 04 $(x-^)*] . 
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2. Then the crossed product C'*-algebra := Env[L^(G;^)] is the enveloping C*- 

algebra of this Banach *-algebra, i.e its completion in the universal norm 

||$||univ:= sup ||n($)||B(H) , 

n 

where the supremum is taken over all the *-representations 11 : L^{G, A) —> MlTL). 

The Banach space (G; A) can be identified with the projective tensor product A^ (G), 
and Cc(G;^), the space of all ^-valued continuous compactly supported function on G, is a 
dense *-subalgebra of L^(G,^) and of AyigG (cf. ||43l). 

Definition 7.3. Let {A, 6, G) be a C*-dynamical system. A covariant representation is a triple 
(r, T, LL) where 

• TL is a Hilbert space, 

• T : G ^ U(7f) is a (strongly continuous) unitary representation, 

• r : A ^ B(7f) is a *-representation, 

• T{x)r{f)T{x)* = r [9x{f)], for every f G A and x G G. 

It is known that there is a one-to-one correspondence between 

• covariant representations of the C*-dynamical system {A, 6, G), 

• non-degenerate *-representations of the crossed product A^igG . 

We only need the direct correspondence: The integrated form of the covariant representation 
(r, T, Li) is uniquely defined by r x T : T^(G; A) —>■ B(7f), with 

(rxT)(<I>) := J r[$(x)]r(x)dm(x); 

then the unique continuous extension rxT : .Ax^G ^ M{LL) is justified by fhe universal property 
of the envelopping C*-algebra. 

This is the formalism one usually encounters in the references treating crossed products 1331 
l43l : in terms of pseudo-differential operators this would only cover the case r(-) = e, i.e. the 
Kohn-Nirenberg type quantization. To treat the general case of a measurable map r : G —> G , 
one needs the modifications 

(T>O^T')(x) ■■= J^0r(x)-W(y)[^iy)]9r{x)-^yT{y-^x)[^iy~^x)] dm(y) , (7.1) 

$<>» := ^^x)-^xr(x-i) [‘^(^■')] * , (7.2) 

in the *-algebra structure of L^{G-,A) and the next modification of the integrated form of a 
covaiiant representation (r, T, Tf) as 

(rx"r)(ci>) :=^r[0,(,)(cl>(x))]r(x)dm(x). (7.3) 

By taking enveloping C*-algebras, one gets a family {.Ax^G},- of C'*-algebras indexed by all 
the measurable mappings r : G —> G . 
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Remark 7.4. In fact all these C*-algebras are isomorphic: .Axi^G .Ax^G is an isomorphism, 
uniquely determined by its action on L^(G; A^) defined as 

(z/^T-/<h) (x) . [$(x)] . 

The family of isomorphisms satisfy 

^T\T2 ° ^T2T3 ^riT3 ) ^rr' ) 

and the relation v'a'^'T = (rx'^T) o is easy to check. An important ingredient is the fact that 
Vtt' leaves the space L^{G; A) invariant (actually it is an isometry). 

Remark 7.5. For further use, let us also examine *-morphisms in the setting of crossed products 
(cf 1431). Assume that (A, 9, G) and (A', 9', G) are C'*-dynamical systems and 7 : A A' is an 
equivariant *-morphism, i.e. a *-morphism satisfying 

70 03 ; = 0^ 07 , VxGG. (7.4) 

One defines 

7 " :Ti(G;A)^L'(G;A'), [7"W](^) := 7[^(^)] • (7-5) 

It is easy to check that 7 ^ is a *-morphism of the two Banach *-aIgebra structures and thus it 
extends to a *-morphism 7 ^ : Ax^G —)■ A'x^,G . If 7 is injective, 7 ^ is also injective. 

7.2 The Schrodinger representation and r-quantizations 

It will be convenient to assume that A is a C'*-subalgebra of CUC\,{G) (bounded, left uniformly 
continuous functions on G) invariant under left translations and that [9y{f)]{x) := f{y~^x). The 
maximal choice A = CUC\,{G) is very convenient, but studying “pseudo-differential operators 
with coefficients of a certain type, modelled by A”, can sometimes be useful. Applications and 
extensions will appear elsewhere. 

For A-valued functions <1> defined on G and for elements x, q of the group, we are going to 
use notations as [<I>(x)](g) = $(g, x ), interpreting <I> as a function of two variables. The strange 
order of these variables is convenient to make the connection with previous sections. We can also 
understand the action as given by 9y{^{x)){q) = ^{y~^q, x). 

Thus on the dense subset L^(G;A) C Ax^G the composition law (17.11) becomes more 
explicit 

(4>o^T')(q,x) := J 4>(^r(y)“V(x)q,y^ T'(^r(y"^x)"^y"V(x)q,y"^x^dm(y), (7.6) 

while the involution (17.21) becomes 

{q,x) := <l>(r(x“^)”^x“^r(x)q, x“^) . (7.7) 

Remark 7.6. If G admits a symmetric quantization to the left and r = ctl is a symmetry function 
to the left, as in Remark [631 the involution boils down to x) := <^( 5 , x~^) . 
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In the situation described above, we always have a natural covariant representation (r, L, Ti) , 
called the Schrodinger representation, given in "H := L‘^{G) by 

[L{y)v\{x) := v{y~^x) , r{f)v:=fv, (7.8) 

thus L{y) is the unitary left-translation by y~^ in L^(G) and r(/) is just the operator of multipli¬ 
cation by the bounded function /. The corresponding (modified) integrated form 


SchjJ^ := r y\'^L , 


(7.9) 


computed as in (17.31) . is given for <I) G T^(G; A) and v € T^(G) by the formula 
[Sch£(<h)u](x) = J ^[t{z)~^x, z)v{z~^x) dm{z) 


= J ^>(r(xy ^) ^x,xy ^)v{y)dm{y). 


(7.10) 


The good surprise is that if we compose Sch^ with the inverse of the partial Fourier transform 
one finds again, at least formally, the left pseudo-differential representation (16.61) and (16.71) : 


Opj(= Sch£ o (id (g) ^) ^ = Int o CV£ o (id (g) ^ ^) . (7.11) 

It is worth comparing this expression of Sch£ in (17.101) with (13.311) . 

To extend the meaning of (17.1 II) beyond the -theory and to take full advantage of the C*- 
algebraic formalism, one needs to be more careful. Recall that the Fourier transform defines an 
injective linear contraction : L^{G) ^(G). We already mentioned that L^(G;^) can be 

identified wifh fhe complefed projecfive tensor product A (g> T^(G). Then, by ll^ Ex. 43.2], one 
gets a linear continuous injection 

id^®^ : .4.®L^(G) —)> A^^(G) 


and we endow the image (id^®^) [.4ig)L^(G)] with the Banach *-algebra structure trans¬ 
ported from L^(G; .A) = .4.® L^(G) through id^(g)^. 

Let us denote by the envelopping (7*-algebra ^ Xg G of the Banach *-algebra (G; A) 
(with the r-structure indicated above). Similarly, we denote by 93^ the envelopping (g*-algebra 
of the Banach *-algebra (id _4 (g) ^) [.4.(g) L^(G)] . By the universal property of the enveloping 
functor, id _4 (g) ^ extends to an isomorphism : (T^ —)> 93^4 . 

Now Op£ := Sch]^ o defines a *-representation of the C'*-algebra 93^ in the Hilbert 
space L?‘{G), which is compatible with (17.1 II) when both expressions make sense. It seems 
pointless to use different notations for the two basically identical quantizations, one defined in 
fhe (7*-algebraical setting, starting from the Schrodinger representation, and the other introduced 
in Section [6l built on the family (16.51) of unitary operators. The difference is mearly a question 
of domains, but each of them can be still extended or restricted (at least for particular classes of 
groups G), being constructed on the versatile operations Int, GV^, . 
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Remark 7,7. Stalling from (17.61) and (17.71) . one also considers the transported composition 

defined to satisfy Op£(a 7 ^'^ 6 ) = Op£(a) Op£( 6 ) as well as the involution 
verifying Op£(a#") = Op£(a)*. 

Remark 7.8. As a consequence of Remark lTAl fsee also Remark [3.22l) and of the properties of en- 
velopping C*-algebras, there are isomorphisms ^ l^^ving (id^®^) [7y^(G;.4,)] 

invariant and satisfying 

Opl = Opi o , T, r' : G ^ G . 

Therefore, the C*-subalgebra 

:= OpE(®i) = Sch£(Ci) C B[l2(G)] (7.12) 

is r-independent. It could be called the C*-algebra of left global pseudo-differential operators 
with coefficients in A on the admissible group G. 

Proposition 7.9. The C*-algebra TDa is isomorphic to the reduced crossed product (^xigG)^^^. 
If G is amenable, the representation Opf : 55^ —)> C B[L^(G)] is faithful. 

Proof Of course, it is enough to work with one of the mappings r : G ^ G, for instance for 
t{x) = e. Since is an isomorphism, it suffices fo sfudy fhe *-represenfafion Schj^ := r x L : 
<tA '■= AxgG —> B[L^(G)] and ifs range. For fhis we are going fo recall fhe lefl regular *- 
represenfafion Left of fhe crossed producf in fhe Hilbert space . 2 ^ := L^(GxG) = L^(G;L^(G)) 
and show fhaf Sch^ and Left are ’’unifarily equivalent up to multiplicity”. The range of Left in 
B[L^(G X G)] is, by definition, the reduced crossed product . Since Left is injective 

if (and only if) G is amenable this would finish our proof. 

The *-representation Left = r' x V is the integrated form of the covariant representation 
{r',L',J^) given by 

yif)’^]iq,x) := fixq)u{q,x), x,q £ G , f e A, u e L'^{G x G) , 
[L'{y)r']{q,x) := u{q,y~^x), x,y,q £ G , u £ L^{G x G). 

Then the unitary operator W : L^(G x G) L‘^{G x G) defined by 

{Wu){q,x) := u{q,xq) 

satisfies for all / G ^ and y £ G 

W*r'{f)W = idi. 2 (G) 0 r(/), W*L'{y)W = idi. 2 (G) 0 L{y ), 
which readily implies the unitary equivalence at the level of *-representations 
W*leh{^)W = idi, 2 (G) 0 Sch£($), G (f^, 
and we are done. □ 
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Remark 7.10. Explicit descriptions of the C'*-algebras 55^ are difficult to achieve. Even for 
G = some of the elements of are not ordinary functions on (R"')* x R" . 

Remark 7.11. Eet us denote by Co(G) the C'*-algebra of all the continuous complex-valued 
functions on G which converge to 0 at infinity (they are arbitrarily small outside sufficiently large 
compact subsets). It is well-known ll43l that the Schrddinger *-representation sends Co(G) Xe G 
onto ]K[L^(G)] C B[L^(G)] ; it is an isomorphism between Co(G) XgG and ]K[L^(G)] if and 
only if G is amenable. This provides classes of compact global pseudo-differential operators: 

K[L\G)] = OpE(®J^(g)) = Schl[Co(G)x,G] , (7.13) 

giving a characterisation of compact operators. 

Remark 7.12. One sees that, in the process of construction of the crossed product C'*-algebra, 
taking the completion in the envelopping norm supplies a lot of interesting new elements. One 
has 


l2(G X G) X G) ^]B2^l2(G)] cK[l2(G)] ^ Co(G) xgG = (G;Co(G)) 

(the last expression involves the closure in the enveloping norm), while L^(G x G) and (G; Co(G)) 
are incomparable as soon as G is an infinite group. There are many Hilbert-Schmidt operators 
whose symbols are not partial Eourier transforms of elements from the class (G; Co(G)) . 

Remark 7.13. Recall that ]K[L^(G)] = is an irreducible family of operators in 

L^(G). So if 53 is a space of symbols containing (id 0 [Cc(G;Co(G))] or , and if 

Op£(6) makes sense for every 6 G 53, then Op]((5S) is irreducible. This happens, for instance, 
if 53 = 53(^ and Co(G) C In many other situations Op£(5S) could be reducible. Eet us set 
[R{z)u]{x) := u{xz ); a simple computation shows that R{z)Opi{b)R{z~^) = Op}^{bz ), where 
bz{x, := b{xz, . Thus, if b does not depend on the first variable, Op'^{b) commutes with the 
right translations and irreducibility is lost for ^ := C. The same happens if A is defined through 
a periodicity (invariance) condition with respect to some nontrivial closed subgroup of G . 

7.3 Multiplication and convolution operators 

We reconsider the Schr'ddinger covariant representation (r, L, L^(G)) of the C^-dynamical sys¬ 
tem {A, 9, G) where, as before, A C EZ7Cb(G) is invariant under left translations. 

Eet us define Conv^ : L^{G) B [L^(G)] by the formula (interpreted in weak sense) 

ConvL(/) := [ f{y)L{y)dm{y) = [ f{y)Wl{i,y){y)dm{y). (7.14) 

Jg Jg 

Clearly Convj;,(/) is the operator of left-convolution with /: one has Convj;,(/)?; = / * u for 
every v € T^(G). It is easy to check the right-invariance: 

ConvL(/) i?(x) = i?(x) Convi;,(/), V/G L^(G), x G G . (7.15) 
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The map Convj;^ extends to a C'*-epimorphism from the group C^-algebra C'*(G) = C xi^G to 
the reduced group C*-algebra = (Cx^G)^^^ C ]B[L^(G)] , which is an isomorphism if 

and only if G is amenable B3l . 

Of course, the family of right-convolution operators [u Conv/j(/)tt := rt * / | / € 
L^(G)} is also available and it has similar properties. The analog of (17.141) is in this case 

Comnif) := jj{y)R{y)dm{y), with f{y) := f{y~^). 

Note the commutativity property 

ConvL(/) Convij(/') = Conv/?(/') ConvL(/) 


as well as the identities 

Conviif) Conviif) = Corw/iif * f), Convij(/) Convij(/') = ConvH(/' * /). 

Remark 7.14. More generally, one can also define Convi(/i) and Convij(//) for any bounded 
complex Radon measure y € M^(G). Let us denote by £(G) := [L(G)]" the left von Neu¬ 
mann algebra of G and by 1H(G) := [i?(G)]" the right von Neumann algebra of G. One has 
ConvL[M^(G)] C £(G) and Convij[M^(G)] C 1H(G). 

It is easy to check that 

o ConvL(/) o = DecH(^/) and o ConvR(/) o = DecL(,^/) , 

where 

/*© 

Dec^(.^/),DecL(,^/) G,^(G) := B{n^) dm{0 

are decomposable (multiplication) operators defined for every (f G ^^(G) by 

[DecH(^/)<^](6 := , [DecLi^f)ip]{0 ■■= • 

We want to compute 0p'^{g^l3) = Sch^ [^(g) , where g is some bounded uniformly 

continuous function on G and the inverse Fourier transform of /3 belongs to L^{G). Of course 
we set {g 0 P){x,^) ■= g{x)f3{^) G B(7f^). One gets the formula 

{[Oplig (g) /?)] u) (x) = J^g[Tixy~^)~'^x] (3)ixy~^)u{y) dm{y), 

which is not very inspiring for general r. But using the notation Mult(p) := r{g) (a multiplica¬ 
tion operator in L^(G) given in (17.81) 1 , one gets the particular cases, for Opj;^ = 0p|: 

([Opiig ® /3)] u) (x) = g{x) j^{^~^P){xy~^)u{y) dm{y) 

= 9 {x) j^i^~^l3)iz)u{z~^x) dm{z ), 
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which can be rewritten 


(7.16) 


Opl(S'<^/ 3) = Mult(5r)ConvL(^ V) , 


and 




I3){xy ^)g{y)u{y) dm{y) 
P){z){ 9 u){z~^x) dm{y ), 


i.e. 

Opf{g ® /3) = Convi(^"V) Mult( 5 ). (7.17) 

Thus in the quantization Op^ = Op| the operators of multiplication stay at the left and those of 
left-convolution to the right and vice versa for the quantization Op^ . 

Remark 7.15. In both (17.161) and (17.171) left convolution operators appear. But using the right 
quantization OpJj one gets 


([Op^(fi((8)/3)]u) (x) 


j^g[xT{y ^x) V)(y ^x)u{y)dm{y), 


with particular cases 

OPij(s' 0 /?) = Mult(5r) QomR{^~^l3) , 

OPnig ® /3) = ConvR{^~^(3) Mult(5) , 
and this should be compared with (17.161 ) and (17.171 ). 

Remark 7.16. As mentioned in Remark 17^ the represented C'*-algebra 

:= Schl (.4 G) = Opl [5.a(^ G) ] C B [^^(G)] 


is independent of r. Actually it coincides with the closed vector space spanned by products 
of the form Mult( 5 ') Convx,(/) (respectively Convi(/) Mult( 5 ()) with 9 G A and, say, / G 
(L^ n L^) (G) (or even / G 77(G)) . So this closed vector space is automatically a C'*-algebra, 
although this is not clear at a first sight. The remote reason is the last axiom of Definition 17. 3 1 

Remark 7.17. In ifTTlflTIl. in the case of a compact Lie group G, precise characterisations of 
the convolution operators belonging to the Schatten-von Neumann classes Bp[L^(G)] are given. 
The main result ifTTl Th. 3.7] holds, with the same proof, for arbitrary compact groups. 

When G is not compact, the single compact convolution operator is 0 = Op]^(0) = Convj;,(0) = 
Convj:j(0). A way to see this is to recall Remark r/.l H and to note that the constant function g = I 
belongs to Co(G) if and only if G is compact. Another, more direct, argument is as follows: If G 
is not compact then R{x) converges weakly to 0 when x ^ oo. Multiplication to the left by a 
compact operator would improve this to strong convergence. But for « G L^(G) and a compact 
Convj^(/) one has 


II Convi(/)u ||i2(G) = II i?(x)Convi(/)u ||i2(G) = || Conv L{f) R{x)u IIl2(g)^-^ 0 

and this implies Conv/,(/) = 0. Replacing R{-) by L(-), a similar argument shows that the 
single compact right convolution operator is the null operator. 
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7.4 Covariant families of pseudo-differential operators 


An important ingredient in constructing the Schrddinger representation has been the fact that 
the C'*-algebra A was an algebra of (bounded, uniformly continuous) functions on G. If ^ is 
just an Abelian C'*-algebra endowed with the action p of our group G, by Gelfand theory, it 
is connected to a topological dynamical system (fl, p, G). The locally compact space is the 
Gelfand spectrum of A and we have the G-equivariant isomorphism A = Co(fl) if the action px 
of x G G on Co(fl) is given just by composition with ■ In this section we are going to prove 
that to such a data one associates a covariant family of pseudo-differential calculi with operator¬ 
valued symbols. For convenient bundle sections h defined on x G one gets families {Op^^^ {h) \ 
w G fl} of “usual” left pseudo-differential operators (the index L will be skiped). By covariance, 
modulo unitary equivalence, they are actually indexed by the orbits of the topological dynamical 
system, while their spectra are indexed by the quasi-orbits in . 

As before, the locally compact group G is supposed second countable, unimodular and type 
I, while T : G —> G is measurable. 

Since the Schrddinger covaiiant representation (17.81) no longer makes sense as it stands, we 
are going to construct for each point tu G a covariant representation L, L^(G)) and then 
let the formalism act. One sets explicitly 


[r(uj)if)u]{x) := f[Qx{u!)]u{x), f G Co(0), u G L^(G) , x G G 
[L{y)u] (x) := u{y~^x) , u G L^(G) , x, y G G . 


(7.18) 


(7.19) 


Proceeding as in Subsection l7.21 one constructs the integrated form Sch|^^ := r(^)xL associated 
to the covariant representation L, L^(G)) and then sets 



(7.20) 


As in Subsection 17.21 the isomorphism = 5co(0) is the extension of the Banach *-algebra 
monomorphism 

idco(n)®^ : L\G-,Co{n))=Co{n)0L\G) ^ Co(0)®,^(G) 

to the enveloping (7*-algebra Co(0)XpG ; the fact that A = Co(0) is more general as before is not 
important. Setting 95^ = for the enveloping (7*-algebra of (idcjj(Q)® [L^ (G; Co(fl))] 

(with the transported structure), we have the isomorphism 


5c :Co(0)x;G^9S^. 

One gets for every section 


e | -^ e G, w G 0} 

from (idcQ(c)G) [L^ (G; Co(0))] a family of operators 


{Op[^)(/r) = (r(,)xL)(5co(tt)/^) € B[l2(G)] | o; G o} 
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given explicitly (but somewhat formally) by 


Op 


(w) 


{h)u (x) = j^Tr^[^{xy ^)h{Q^(^^y-i)-i^{cv),C)]dm{^)^u{y)dm{y). (7. 


21 ) 


More generally, the family |Op^^^(/i) | tu € flj makes sense for h G 53^, but it is no longer 
clear when the symbol h can still be interpreted as a function on fl x G . 

Proposition 7.18. Let h G 23^. If uj,uj' belong to the same g-orbit, then Op'^^^{h) and 
Op^^/)(/i) are unitarily equivalent. 

Proof. The points are on the same orbit if and only if there exists z G G such that uj' = 
Qz{oj). In terms of the unitary right translation [ii(z)M](-) := ufz), the operatorial covariance 
relation 

R{z)Opl^^{h)R{zr = Op[^^(,))(h) (7.22) 

follows by an easy but formal calculation relying on (I7.21I ). This can be upgraded to a rigorous 
justification by a density argument, but it is better to argue as follows: Formula (17.221) for arbitrary 
h G 23^ is equivalent to 


R{z) Sch[^)(<l>)i?(z)* = Sch[^^(^))(<I>) , G Co(F!) x^G . 


Since Schj^,-| is the integrated form of the covariant representation L, L^(G)) indicated in 

(17.181) and (17.191 ). it is enough to prove 


R{z)L{x)R{z)* = L{x), VxjZGG 

and 

r(^){f)R{z)* = r(g^(^))(/), Vz G G, / G Co(0). 

The first one is trivial. The second one follows from 

[R{z)r(^^){f)R{z)*u]{x) = [r(^){f)R{z~^)u]{xz) 

= f[Qxz{(^)] [R{z~^)u] {xz) 

= f[QxiQz{oo))]u{x) 

= [r{g4cj))if)u]ix), 

completing the proof. □ 

Remark 7.19. In fact one has 


Op[^)(^) = Op£(/i(^)) , with h^oj)ix,C) ■■= h{g^{u;),C) . (7.23) 

This relation supplies another interpretation of the family {Op^^^(/i) | w G flj . We can see it 
as being obtained by applying the left quantization procedure Op]^ of the preceding sections to a 
family | tu G 17} of symbols (classical observables) defined in G x G, associafed fhrough 
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the action ^ to a single function h on Q x G. Note that this family satisfies the covariance 
condition 

hg,[uj){x,0 = , x,z€G,^eG,uen. (7.24) 

Using the reinteipretation (17.231) . the unitary equivalence (17.221) can be reformulated only in terms 
of the quantization Op£ as 

R{z) Opl{h(^^))R{z)* = Op]^(/i(g^(^))) , 

which is easily proved directly using relation (17.241) if h is not too general. 

We recall that a quasi-orbit for the action g is the closure of an orbit. If 0^^ := qq{ijj) is the 
orbit of the point tu € U, we denote by := = gci^) the quasi-orbit generated by u . As 

a preparation for Theorem 17.201 we decompose the correspondance <h Sch^(‘h) into several 
parts. The starting point is the chain 

Coin) ^ CoiQu) ^ CUC^iG), 
involving the restriction *-morphism 

7^ : Co(U) ^ Co(Qc^), li^if) ■■= f\Qu, 

and the composition *-morphism 

■ CoiQuj) CUC^iG) , [Puiig)] (x) ■■= g[Qxioj)] ■ 

Note that is injective, since qq[oj) is dense in . Both these *-moi‘phisms are equivariant in 
the sense of Remark 17. 5 1 if on Co(U) one has the action p, on Co(Qtj) its obvious restriction and 
on CUCa{G) the action 0 of G by left translations, as in Subsection 17.21 Correspondingly, one 
gets the chain 

Co(U)^ ^ Co(Q..)^ ^ CUC^iG)^ M[L^{G)] . 

We indicated crossed products of the form Sx'^G by (leaving the actions unnoticed) and 
the *-morphism <5^ acting between crossed products is deduced canonically from an equivari¬ 
ant *-moi‘phism 6 by the procedure described in Remark 1731 The arrow Sch)^ is just the left 
Schrddinger representation of Subsection 17.21 It is easy to check that 

Sch£ = Sch[^), (7.25) 

which also leads to recapturing (17.231) after a partial Fourier transformation. 

Note that some points uj G could generate strictly smaller quasi-orbits C Quj' ■ 
On the other hand a quasi-orbit can be generated by points belonging to different orbits, so 
Proposition |TT8] is not enough to prove the following result. 

Theorem 7.20. Suppose that the group G is admissible and amenable and that h G . 

1. If LO,Lo' generate the same g-quasi-orbit, then Op|^^(/i) and Op^^^/j(/i) have the same 
spectrum. 
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2. If (0, Q, G) is a minimal dynamical system then all the operators 0p^^^{h) have the same 
spectrum. 

3. Assume that Q is compact and metrizable and endowed with a Borel probability measure 

p which is Q-invariant and ergodic. Then the topological support supp(/z) is a g-quasi- 
orbit and one has p[{uj € | 0^^ = supp(/x)}] = 1. The operators 0pJ^-^{h) corre¬ 

sponding to points generating this quasi-orbit have all the same spectrum; in particular 
sp[ 0 p[^)(/i)] is constant p-a.e. 

Proof. 1. Let us denote by := qg{^) the quasi-orbit generated by uj and similarly for uj'. 
We show that if C Q^;' then sp[0p^^j(/i)] C sp[0p^^/^(/i)] and this clearly implies the 
statement by changing the role of u and uj'. Actually, by (17.201 ). under the stated inclusion of 
quasi-orbits, one needs to show that sp[Sch^^^($)] C sp[Sch|^,^($)] for every element <1) of 
the crossed product Co(n) XpG . 

The basic idea, trivial consequence of the definitions, is the following: If T : C' —)• (f is a 
*-morphism between two C*-algebras and g' is an element of <t', then sp[T {g') | Gi] C sp \jj' \ C'] , 
and we have equality of spectra if T is injective. The notation indicates the (7*-algebra in which 
each spectrum is computed. 

In our case, by (17.251) . one can write 

Sch[^)(cl.) = [Sch£o P-] [ 7 ^"(cl.)] and Sch[^,)(cl.) = [Sch£ o p-] [ 7 -($)] . 

Since G is amenable Sch£ is injective and, as remarked before, jdf, and (3^ are always injective. 
Thus we are left with proving that 

sp[7:(ch)|Co(Q.)"] Csp[7:,W|Co(Q.)"], (7.26) 

assuming the inclusion C of quasi-orbits. We use now 

T = 7 :..:Co(Q. 0 xpG^Co(Q.)x;G, 

which is obtained by applying the functorial construction of Remark 1731 to the covariant restric¬ 
tion *-morphism 

■ Co(Qa;') ^ Co(Qa;) , lcu',Uf) ■= /Iq^ • 

Note that 7 ^^ = ° 7aj' (succesive restrictions), which functorially implies 7 ^ = 7 ^,^ o 7 ^,. 

Then (<h) = 7 ^,^ (17.261) and thus the result follows. 

2. In a minimal dynamical system, by definition, all the orbits are dense. Thus any point 
generates the same single quasi-orbit Q = Q and one applies 1 . 

3. The statement concerning the properties of supp(/r) is contained in 111 Lemma 3.1]. Then 

the spectral information follows applying 1 . once again. □ 

The final point of Theorem 17.201 treats “a random Hamiltonian of pseudo-differential type”. 
Almost everywhere constancy of the spectrum in an ergodic random setting is a familiar property 
proved in many other situations ||5l|32l. But note that a precise statement about the family of 
points giving the almost sure spectrum is available above. 
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8 The case of nilpotent Lie groups 


We now give the application of the introduced construction to the case of nilpotent Lie groups. 
Two previous main approaches seem to exist here. The first one uses the fact that, since the 
exponential mapping is a global diffeomorphism, one can introduce classes of symbols and the 
symbolic calculus on the group from the one on its Lie algebra. This allows for operators on a 
nilpotent Lie group G to have scalar-valued symbols which can be interpreted as functions on 
the dual g' of its Lie algebra. Such approach becomes effective mostly for invariant operators on 
general nilpotent Lie groups ||30l|23ll24l, see also HOl for the case of the Heisenberg group. The 
second approach applies also well to noninvariant operators on G and leads to operator-valued 
symbols, as developed in ifTTlfTSl . This is also a special case (with r(-) = e) of r-quantizations 
developed in this paper. 

We now extend both approaches to r-quantizations with the link between them provided in 
Remark [831 

8.1 Some more Fourier transformations 

Let us suppose that G is a nilpotent Lie group with unit e and Haar measure m ; it will also be 
assumed connected and simply connected. Such a group is unimodular, second countable and 
type I, so it fits in our setting and all the previous constructions and statements hold. 

Let g be the Lie algebra of G and g' its dual. If y G g and X' G g' we set (Y\X') := X'{Y). 
We shall develop further the theory in this nilpotent setting, but only to the extent the next two 
basic properties are used: 

1. the exponential map exp : g —> G is a diffeomorphism, with inverse log : G —> g, ||7l Th. 
1 .2.1]; 

2. under exp the Haar measure on G corresponds to the Haar measure dX on g (normalised 
accordingly), cf ||7l Th. 1.2.10]; 

It follows from the properties above that L^’(G) is isomorphic to L^(g). Actually, for each 
p G [1, oo], one has a surjective linear isometry 

L^(G) L^{q) , Exp(tt) := u o exp 

with inverse 

LP{q) ^ LP{G), Log(u) := u o log . 

There is a unitary Fourier transformation X : L?‘{q) E^(g') associated to the duality 

(■ I ■) : g X g' —> M. It is defined by 

(7'u)(A:') := f e-*<^l^'>u(A)(iA , 

■fa 

with inverse given (for a suitable normalization of dX') by 

(7-^u')(A:) := [ e^^^\^'^u'{X')dX'. 
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Now composing with the mappings Exp and Log one gets unitary Fourier transformations 
F := o Exp : L^{G) L^{q') , F"^ := Log o : L^{g;) L^{G) , 


the second one being the inverse of the first. They are defined essentially by 

(Fu)(X')= /e-*<^l^'>u(expX)dX = [ e-*<'°g^l^'>u(x)dm(x), 

Jg Jg 

{F~^u'){x) = f 
Js' 

Recalling Plancherel’s Theorem for unimodular second counfable fype I groups, one gefs 
finally a commuting diagram of unifary fransformafions 


. r2 


L\G) 


L\q) 



T 


L\q') 


The lower horizonfal arrow is defined asT:=Fo^ ^ = Xo Exp ^ and is given explicifly 
on ^^(G) n ^“^{G) by 

Jg Jg 

Remark 8.1. If G = M" if is possible, by suifable inferprefalions, fo identify G ~ G wifh g and 
wifh 0 ' (as vector spaces) and fhen fhe fhree Fourier fransformafions ^ , X and F will concide 
and 3 will become fhe identify. 


8.2 A quantization by scalar symbols on nilpotent Lie groups 

To gef pseudo-differenfial operafors one could sfarf, as in Subsection 17.21 wifh a C*-dynamical 
system (A, 0,G) where A is a C*-algebra of bounded left-uniformly continuous functions on 
G which is invariant under the action 6 by left translations. We compose the left Schrddinger 
representation (17.101) with the inverse of the partial Fourier transform 

id ® F : (L^ n l2)(G; A) ^ , 

finding the pseudo-differential representation 

Op]^ := Sch]J, o (id (g) F~^) = Int o CV£o (id (g) F“^) (8.1) 

which can afterwards be extended to the relevant enveloping C*-algebra. One gets 

[Op]:(s)u](a:) = [ /e*<^°s(^^'')l^'>s(r(xy-^)-ix,A')M(y)dm(y)dA', (8.2) 

JGJg' 
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so Oplis) is an integral operator with kernel : G x G ^ C given by 

Ker[^)(x,y)= f X') dX'. 

Js' 

Examining this kernel, or using directly (18.11) . one sees that (18.21) also defines a unitary mapping 


Op£:L2(0'xG)^b2[l2(G)]. 


Actually there is a Weyl system on which the construction of pseudo-differential operators 
with symbols s : g' x G ^ C can be based: 

Definition 8.2. For (x, X') G G x g' one defines a unitary operator W]^(x, X') in E^(G) by 

[Wl{x,X')u]{z) : = 

= e*<i°gH^)''"]l^')[L(x)u](z). 

By direct computations, one shows the following 

Lemma 8.3. Let us denote by Q the operator of multiplication by the variable in L^(G). For 
any pairs (x, X'), (y, Y') G G x g' one has 

Wlix, X') Wliy, Y') = T" [(x, X'), (y, Y')-Q] X' + X'), 

where T’’ [(x, X'), {y, Y')] Q'j is the operator of multiplication by the function 


z H-T^[(x,X'), (y,y');^] =exp|i (log[T(x) ^ 2 ;] - log [T(xy) \X')- 

- (log[r(xy)"^2;] - log[T(y“^)x“^2;] \ Y') | . 


Remark 8.4. The family C(G; T) of all continuous functions on G with values in the torus is a 
Polish group and the mapping T : (G x g') x (G x g') C(G; T) can be seen as a 2-cocycle. 
We are not going to pursue here the cohomological meaning and usefulness of these facts. 

In terms of the Weyl system {W]^(x, X') | (x, X') G G x g'} one can write 


Op]^(s) ■= [ [ s(X', x)W£(x, X') (im(x)dX'; 

JgJq' 


(8.3) 


we used the notation s := (F (g) F ^)s. The technical details are similar but simpler than those 
in Subsection 13. 2l and are left to the reader. 

Remark 8.5. One also considers the composition (Jr defined to satisfy the equality Op]^(r (Ir s) = 
Oplir) Op£(s) , as well as the involution verifying Op]^(stt^) = Op£(s)*. Then (T^(g' x 
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G), ) will be a *-algebra. It is isomorphic to the *-algebra (,^^(G x G), ) defined in 

Subsection 13.31 Actually one has the following commutative diagram of isomorphisms: 



L\G)(^L^{g') b2[l2(G)] 

One justifies this diagram by comparing (18.11) with (17.1 II) . The conclusion of this diagram is 
that for simply connected nilpotent Lie groups the “operator-valued pseudo-differential calculus” 
Opj^ with symbols defined on G x G can be obtained from the “scalar-valued pseudo-differential 
calculus” Opj^ (which provides a quantization on the cotangent bundle G x g' = T'(G)) just by 
composing at the level of symbols with the isomorphism (id ( 8 )F)o (id ( 8 )^)“^ = id( 8 )(Fo^“^) . 

Remark 8.6. In Prop. I4.3l we have shown that a connected simply connected nilpotent Lie group 
G admits a symmetric quantization, corresponding to the map t = a given by (14.101) globally 
defined. With this choice one also has slt‘^(x, X') = s(x, X') for every (x, X') G G x g' . 

Remark 8.7. A right quantization Opjj with scalar symbols is also possible; for completeness, 
we list the main quantization formula 

Opjj := Schjj o (id (g) F“^) = Int o CVjjo (id (g) F“^) , (8.4) 

where CVJj is the change of variables given by the composition with the mapping 

cv’’ = cvjj : G X G G X G , cv]^(x,y) := (xr(y“^x)“\, (8.5) 

see also (16.41) . Here, Schjj := Int o CVjj also allows for an integrated interpretation similar to 
(ESI). More explicitly, Opjj can be written as 

[Opjj(s)tt](x) = f f ^^^^^'^s(^xT{y~^x)~^,X')u{y)drr\{y)dX', ( 8 . 6 ) 

JgJq' 

so Opjj(s) is an integral operator with kernel Ker(g^ ^ : G x G —> C given by 
Ker[^)_^(x,y) = [ e®<'°s(v-®^)l^'>s(xr(y-^x)-\X') dX'. 

Consequently, we have the commutative diagram of isomorphisms of 77*-algebras 


L^{G)(^L‘^{G) L^{G)^.^^(G) 



L\G)®L\q') M^[L\G)] 

where all the listed mappings in this diagram are unitary, and where = Opjj is the r- 
quantization formula (11.21) that we have started with, and so 

Op®" = Opjj = Opjj o [id (g) (F o ^~^)] ■ 
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